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Abstract

Demographic forecasts are predictions about future population size and structure, and
the processes that shape these. Communicating the uncertainty around these predictions
is essential because the forecasts are used by decision-makers to inform policies and
regulations that a ect society. Therefore, probabilistic forecasts that assign a probability
to each possible outcome are useful, because they allow for an assessment of the likely
future while, at the same time, enabling us to prepare for the unlikely but impactful
outcomes. Thus, improving the estimation of forecast uncertainty is important.

The common practice for estimating forecast uncertainty is to employ a model-based
estimation that communicates the statistical uncertainty of the forecast model parameters
and the outcome. However, other non-model-related sources of uncertainty are not
covered. The analysis of the empirical forecast error, which is the error we retrieve by
comparing historical data to our forecast for that period, can provide meaningful insights
for the estimation of forecast uncertainty. By using the information on past forecast
performance, we can inform the uncertainty of the forecast for the future based on the
notion that a forecast is only as good as similar forecasts in the past turned out to be.

This thesis highlights the advantages of forecast error analysis and empirical prediction
intervals, such as broad applicability and empirical nature, for use in demographic fore-
casting to improve probabilistic forecasts. Further, | showcase the application of this

methodology for mortality and fertility forecasting in three research articles that make up

this thesis. In addition, by combining existing technigues, | extend the methodology of

empirical forecast uncertainty estimation.

The analyses and results of the research articles are based on open-access, population-level
data of high quality and are fully reproducible. The rst research article disentangles the

di erent sources of uncertainty in the context of individual lifespan uncertainty and cohort
mortality forecasting. We quantify the contribution of the forecast uncertainty to the total
lifespan uncertainty of birth cohorts over time via a variance decomposition. Employing

an empirical forecast error for the estimation of the forecast uncertainty and comparing it

to model-based uncertainty allows us to derive results for two possible scenarios. On the
one hand, we consider a future in which mortality develops without extreme shocks, and
on the other hand, a future with the possibility of drastic mortality events.

In the second study, forecast error analysis is the key methodology that reveals seasonal
patterns in the uncertainty of expected deaths forecasts used for the estimation of excess
mortality during the COVID-19 pandemic. We derive empirical prediction intervals from

the forecast errors to improve the expected deaths forecasts.

The third research article combines the methodology of empirical prediction intervals
and quantile-mapping to provide forecasts of the Finnish total fertility rate in the form
of individually simulated forecast paths that have been calibrated to empirical forecast
errors.

In conclusion, this thesis showcases how the use of forecast error analysis and empir-
ical prediction intervals improves demographic forecasts while adding to the existing
methodology.



Tiivistelma

Vaestbennusteet ovat arvioita tulevasta vaestomaarasta ja -rakenteesta seka niitd muovaav-
ista prosesseista. Ennusteisiin littyvan epavarmuuden ilmaiseminen on olennaista, koska
paatoksentekijat kayttavat niitd yhteiskuntaan vaikuttavien politikkatoimien ja saénte-
lyn paatosten tukena. Siksi todennakoisyyspohjaiset ennusteet, jotka liittavat jokaiseen
mahdolliseen kehityspolkuun todennakoéisyyden, ovat hyddyllisia: ne mahdollistavat to-
denndkdisen tulevaisuuden arvioinnin ja samalla auttavat varautumaan epatodennakaisiin
mutta vaikutuksiltaan merkittaviin tulemiin. Siksi ennusteisiin liittyvan epavarmuuden
maarittamisen parantaminen on tarkeaa.

Yleinen kaytanto ennuste-epavarmuuden arvioimisessa on mallipohjainen lahestymistapa,
joka kuvaa ennustemallin parametrien tilastollista epavarmuutta. Tama ei kuitenkaan
kata mallista riippumattomia epadvarmuuden l&hteitd. Empiirisen ennustevirheen ana-
lyysi - eli historiallista dataa ja sitd vastaavaa ennustetta vertaamalla saatu virhe
voi tarjota olennaista tietoa ennuste-epadvarmuuden arviointiin. Aiempien ennustei-
den toteutuneen tarkkuuden perusteella voidaan arvioida tulevien ennusteiden epavar-
muutta. Lahtékohtana on se, ettd ennuste on vain niin hyva kuin vastaavat ennusteet ovat
aiemmin olleet. Vaitoskirja korostaa ennustevirheanalyysin ja empiiristen ennustevalien
etuja, erityisesti niiden laajaa sovellettavuutta ja empiirista luonnetta, seka niiden kayt-
t6a probabilististen vaestdennusteiden parantamiseksi. Lisaksi esittelen menetelmien
soveltamista kuolleisuus- ja hedelmallisyysennusteisiin kolmessa vaitoskirjaan kuulu-
vassa osatutkimuksessa. Laajennan empiirisen ennuste-epavarmuuden estimointimenetel-
maa hyddyntamalla ja yhdistamalla olemassa olevia lahestymistapoja.

Osatutkimuksien analyysit ja tulokset perustuvat avoimesti saatavilla olevaan, korkealaa-

tuiseen véaestétason aineistoon ja ovat taysin toistettavissa. Ensimmaisesséa osatutkimuk-
sessa eritelladn epavarmuuden eri lahteitd yksilon elinian epavarmuuden seké kohort-
tikuolleisuuden ennustamisen kontekstissa. Arvioimme ennuste-epavarmuuden osuutta
syntymakohorttien kokonaiselinian epavarmuudessan ajan kuluessa varianssihajotelman
(eng. variance decomposition) avulla. Hyddyntamalla empiiristé ennustevirhetta ennuste-

epavarmuuden estimoinnissa ja vertaamalla sitd mallipohjaiseen epdvarmuuteen voimme
tarkastella kahta vaihtoehtoista skenaariota: tulevaisuuden ilman &arimmaisia kuolleisuus-

hairioitéd/-shokkeja seka tulevaisuuden, jossa voimakkaat kuolleisuuden muutokset ovat

mahdollisia.

Toisessa osatutkimuksessa ennustevirheanalyysi toimii keskeisena menetelménd. Sen
avulla tunnistetaan kausivaihtelua COVID-19-pandemian aikaisen ylikuolleisuuden arvioin-
nissa kaytettyjen odotettujen kuolemien ennusteiden epavarmuudessa. Ennustevirheiden
perusteella muodostetaan empiiriset ennustevalit, joiden avulla odotettujen kuolemien en-
nusteita parannetaan. Kolmannessa osatutkimuksessa yhdistetdaéan empiiristen ennusteval-
itien menetelma ja kvantiilikartoitus (eng. quantile-mapping). Naitd hyodyntamalla
tuotetaan Suomen kokonaishedelmallisyysluvun ennusteita simuloituina ennustepolkuina.
Ennustepolut on kalibroitu empiiristen ennustevirheiden perusteella.

Tama vaitoskirja osoittaa, kuinka ennustevirheanalyysin ja empiiristen ennustevélien
kéayttd parantaa vaestbennusteita ja samalla kehittdd olemassa olevaa ennustemetodolo-
giaa.



Zusammenfassung

Demographische Prognosen sind Vorhersagen Uber die zukiinftige Groye und Struk-
tur von Bevolkerungen sowie Uber die Prozesse, die diese pragen. Die Vermittlung
der mit diesen Vorhersagen verbundenen Unsicherheit ist von entscheidender Bedeu-
tung, da demographische Prognosen von Entscheidungstragern als Grundlage fiir politis-
che Maynahmen und Regulierungen herangezogen werden. Diese haben Auswirkun-
gen auf die Gesellschaft. Probabilistische Prognosen, die jedem mdglichen Ergeb-
nis eine Wahrscheinlichkeit zuweisen, bieten hier den Vorteil, Einschatzungen Uber
die wahrscheinliche Zukunft vorzunehmen. Gleichzeitig erlauben sie es, sich auf un-
wahrscheinliche, aber folgenreiche Entwicklungen vorzubereiten. Daher ist es wichtig,
die Schatzung der Prognoseunsicherheit zu verbessern.

Die gangige Praxis zur Schatzung der Prognoseunsicherheit besteht darin, eine modell-
basierte Schatzung zu verwenden, die die statistische Unsicherheit der Parameter und des
Resultats des Prognosemodells wiedergibt. Andere, nicht modellbezogene Unsicherheit-
squellen werden dabei jedoch nicht berlicksichtigt. Die Analyse des empirischen Prog-
nosefehlers, also des Fehlers, den wir ermitteln, indem wir historische Daten zurtickhalten
und mit unserer Prognose fiir diesen Zeitraum vergleichen, kann dabei aussagekréftige
Erkenntnisse liefern. Durch die Nutzung der Informationen Uber die vergangene Prog-
nosegtte kann die Unsicherheit der Prognose fiir die Zukunft geschatzt werden, basierend
auf der Idee, dass eine Prognose nur so gut ist, wie sich ahnliche Prognosen in der
Vergangenheit bewahrt haben.

Diese Arbeit beleuchtet die Vorteile der Analyse von Prognosefehlern und empirischer
Vorhersageintervalle, wie beispielsweise ihre breite Anwendbarkeit und ihnren empirischen
Charakter, fur den Einsatz in demographischen Prognosen zur Verbesserung probabilis-
tischer Vorhersagen. Daruber hinaus wende ich in den drei Forschungsartikeln, aus denen
diese Arbeit besteht, diese Methoden auf die Prognose von Sterblichkeit und Fertilitat
an. Durch die Kombination bestehender Verfahren erweitere ich zudem die Methodik zur
empirischen Schéatzung von Prognoseunsicherheit.

Die Analysen und Ergebnisse der Forschungsartikel basieren auf frei zugéanglichen, qual-
itativ hochwertigen Bevolkerungsdaten und sind vollstéandig reproduzierbar. Der erste
Forschungsartikel entwirrt die verschiedenen Unsicherheitsquellen im Zusammenhang
mit der Unsicherheit in der individuellen Lebenserwartung und der Prognose von Ko-
hortensterblichkeit. Mittels einer Varianzzerlegung quanti zieren wir den Beitrag der
Prognoseunsicherheit zur gesamten Unsicherheit Gber die Lebenserwartung von Geburt-
skohorten im Zeitverlauf. Durch die Verwendung eines empirischen Prognosefehlers
zur Schétzung der Prognoseunsicherheit und dessen Vergleich mit der modellbasierten
Unsicherheit kénnen wir Ergebnisse fir zwei mdgliche Szenarien ableiten. Einerseits
betrachten wir eine Zukunft, in der sich die Mortalitdt ohne extreme Schocks entwickelt,
und andererseits eine Zukunft, in der drastische Mortalitéatsereignisse moglich sind.

In der zweiten Studie ist die Analyse von Prognosefehlern die zentrale Methode, mit
der saisonale Muster in der Unsicherheit Gber Prognosen zu erwarteten Todesfallen
aufgezeigt werden, die zur Schatzung der Ubersterblichkeit wahrend der COVID-19-
Pandemie herangezogen wurden. Aus den Prognosefehlern leiten wir empirische Vorher-



sageintervalle ab, um die Prognosen zu verbessern.

Der dritte Forschungsartikel kombiniert die Methodik empirischer Vorhersageintervalle
mit Quantil-Mapping, um Prognosen zur nnischen zusammengefassten Geburtenzi er
in Form individuell simulierter Prognosepfade zu erstellen, die anhand empirischer Prog-
nosefehler kalibriert wurden.

Zusammenfassend zeigt diese Arbeit, wie der Einsatz von Prognosefehleranalysen und
empirischen Vorhersageintervallen demographische Prognosen verbessert und erweitert
gleichzeitig die bestehende Methodik.
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Chapter 1

Introduction

| just wonder if current forecasters
lack in intellectual curiosity or if they
are intentionally ignoring forecast
errors.

Nassim Nicholas Taleb
The Black Swan

Why do we make mistakes? So we can learn from them. It is a simple idiom, but that
does not mean that there is no truth to be found, both for our individual lives and for
science. In this thesis, | propose to learn from our past mistakes by taking a speci c error
into account: The forecast error. This is the error that we observe in hindsight when
comparing our prediction for the future with the actual outcome of what we wanted to
predict. By paying attention to this forecast error, we can learn about the uncertainty of our
forecast. Speci cally, | focus on the uncertainty in demographic forecasting and how the
analysis of forecast errors and the resulting insights on forecast uncertainty can improve
the forecasts themselves. This thesis is a methodological one. | am more concerned with
howand a little less witlwhatto forecast. Nevertheless, the results of the methodological
applications presented in the papers that make up this thesis are relevant. However, my
scienti ¢ curiosity lies in the methodology used to obtain these results.

Demographic forecasts are predictions about future populations. Depending on the subject
of study, these forecasts can concern a multitude of outcomes: From population size,
broken down into subgroups by, for example, sex, age, or educational attainment, to the
processes that shape a population, such as births, deaths, or migration streams. Similarly,
the forecast horizon that is, the length of the period for which the forecast is made
may range from days and weeks to years and centuries. Demographic forecasting has a
long lasting tradition and the scienti c community is making advances in methodology
up to this day. The demand for forecasts of population size and structure, as well as the
processes shaping these, drives the interest in this eld. The purpose behind demographic
forecasts and the explanation for their demand is to have a better chance at planning for



the future. Thus, the forecasts do not exist in isolation but have real life applications.
The results of demographic forecasts are used as input for further modeling for the social
security systems and as justi cation for policy decisions that aim to plan for the future
that is to come. For example, setting the retirement age of a country's population is not
an arbitrary choice. Careful planning should be considered in light of the life-changing
consequences that such a decision has for an entire population and their economy. Other
implications are showcased by the rather recent occurrence of the COVID-19 pandemic.
The reader might remember how planning for resources such as respiratory ventilators and
intensive care units, or even hospital beds and medical sta was dependent on estimations
of the future development of case numbers and deaths.

Communicating the uncertainty that comes with demographic forecasts is essential, in
light of the consequences that decisions based on these forecasts have for society, the
economy, social security systems, etc. Providing forecast results without, or with false
or misleading measures of certainty attached to them is, at the very least, bad scienti c
practice. At worst, it can have major consequences and be unethical.

Therefore, when forecasting, looking at the mistakes we have made o ers a chance to
improve current forecasts. However, to do so, we cannot wait 50 years to nally see
whether the 50 year forecast we made was actually correct. Luckily, we can apply a trick:
Withholding historical data to mimic the forecast experience one would have had in the
past opens the route to what is called empirical error analysis. Early works that sparked
interest in forecast error analysis and its use for constructing uncertainty intervals around
forecasts were published by Williams and Goodman (1971), Stoto (1983), Cohen (1986),
and Smith and Sincich (1988). The reader will learn the details of the methodology used
to retrieve uncertainty intervals for forecasts from empirical forecast errors in the Methods
section of this thesis. The underlying principle of these empirical prediction intervals is
that a forecast is only as good as previous similar forecasts have turned out to be. This
assumption enables us to use the empirical forecast errors to inform the uncertainty of
the actual forecast. A key feature of the empirical uncertainty lies in its outcome-based
focus. In contrast to conventional, parameter-based uncertainty, empirical uncertainty is
able to capture all sources of uncertainty. While parameter-based uncertainty is limited
to sources of uncertainty that are included in the model, empirical uncertainty allows
us to include the uncertainty from non-model-related sources, too. In other words, the
uncertainty from all things that can a ect the forecast outcome of interest, regardless of
their inclusion in the forecast model, is captured in the empirical uncertainty without the
need for extensive modeling and high data demands.

This thesis consists of three articles that all deal with demographic forecasting and employ
forecast error analysis. With each paper, the use of this methodology becomes more
elaborate and shapes the outcomes of the studies more. The rst paper disentangles the
di erent sources of uncertainty in the context of individual lifespan uncertainty and cohort
mortality forecasting. Next to life expectancy, lifespan variance or lifespan variability is

a measure used to describe the mortality experience of a population. It captures the
inequality in the lifespans of the members of a population. Smaller lifespan variability
means less inequality in the length of lives that is, more similar ages at death. In
the demographic literature, the population-level mortality measure lifespan variance is



sometimes interpreted as an indicator of the uncertainty an individual faces about their
length of life (Nepomuceno et al., 2022; Van Raalte et al., 2018; Sasson, 2016; Edwards,
2013; Edwards and Tuljapurkar, 2005). In paper 1, we ask whether this is an admissible
interpretation. We argue that this individual lifespan uncertainty is a function of the
variability in the ages at death in a cohort life table and the forecast uncertainty coming from
the completion of cohort lifetables. To answer the question, we quantify the contribution
of the forecast uncertainty to the total lifespan uncertainty of birth cohorts over time
via a variance decomposition as introduced by Caswell (2023). A small contribution of
forecast uncertainty to the overall uncertainty would support the interpretation of lifespan
variance as individual lifespan uncertainty. In that case, it would be the cohort lifetable
lifespan variance that is, the di erences in the lifespans between the cohort members

that mainly determines the individual's uncertainty about their time of death, and not
the uncertainty that comes from not knowing which death rates apply to them in the
future that is, from completing their cohort lifetable via forecasting. Using a variance
decomposition, we assess the importance of both components of lifespan uncertainty for
cohorts born from 1901 to 2019.

In paper 2, forecast error analysis is the key methodology that reveals uncertainties in
expected deaths forecasts used for estimations of excess mortality during the COVID-19
pandemic. Excess deaths are the deaths that would have occurred if a speci ¢ event, in this
case the COVID-19 pandemic, did not happen. Estimations of excess deaths were used
to assess the mortality impact or mortality burden of the pandemic. We derive empirical
prediction intervals from the forecast errors to improve the expected deaths forecasts.
We showcase how the forecast uncertainty can be calibrated by including the empirical
knowledge gained from the forecast error analysis, resulting in better estimates of excess
deaths with more realistic uncertainty.

In the third paper, the forecast error analysis and the empirical prediction intervals derived
from it merge together with the forecast model itself. The uncertainty of forecasts of
the Finnish total fertility rate is calibrated to the historical errors and then, by combining
existing methodology, the forecast results become calibrated probabilistic forecast paths.
Probabilistic forecasts, in contrast to deterministic or point forecasts, account for uncer-
tainty by providing a range of possible outcomes and attaching a probability to each of
them. Commonly, probabilistic forecasts are provided in the form of prediction inter-
vals. However, we propose and showcase the construction of forecast paths whose full
distribution has been calibrated using empirical forecast errors.

This thesis brings the analysis of forecast errors back into the consciousness of forecasters
and those doing research on forecasting. Further, | showcase how the use of empirical
prediction intervals improves demographic forecasts and highlight that the value of a
forecast lies in its careful calibration of the uncertainty to increase the usefulness of the
forecast results in light of the consequences of its use for decision-making. Last but not
least, in this thesis, | advocate for the use of forecast error analysis to improve forecasting.
Due to its empirical nature, the implementation of forecast error analysis is applicable to
all sorts of forecast models and outcomes, demographic or not.

Because this is a cumulative thesis, the introductory chapter serves as an overview and
preparation for the reader. First, | will introduce the main data and methods used in the



papers in more natural language. The technical details and formalizations can be found in
the respective papers and their appendices in the following chapters. After summarizing
the main results of the papers, a quick discussion and conclusion mark the end of the
introductory chapter. Following this, the reader may delve into the heart of this thesis by
reading the research articles.



Chapter 2

Data and Methods

Data quality and coverage are fundamental to producing any forecast; and so is the choice
of methods. In the following, | will rstintroduce the main data sources and datasets used
in the papers of this thesis. Second, the reader may familiarize themselves with those
methods that build the core of the analyses. For a detailed and formal description of the
methods, see the methods sections and appendices of the respective papers.

All data used are available free of charge from the respective websites. The only necessary
step before downloading the data is to create an account with an email address. Further, in
support of the open science idea to enable e cient research that is transparent, accessible,
and reproducible (see UNESCO, 2022, for an introduction to open science), the data
| have created with my research that is, the codebase written for the analyses and
the published research articles are also available free of charge online (see the data
availability statements of the respective papers for links to the code repositories).

2.1 Human Mortality Database

The mortality forecasts presented in this thesis are based on data from the Human Mortality
Database (HMD). This joint e ort of the Max Planck Institute for Demographic Research
(Germany), the University of California, Berkeley (USA), and the French Institute for
Demographic Studies (France) provides high-quality data on death counts, population
exposures, mortality rates, and other metrics of human longevity by di erent categories
of age, period, cohort, and sex. The database covers 56 highly industrialized countries
around the world.

The quality of the HMD data lies in its careful consideration and preparation. Thus, only
countries whose death registration and census data "cover the entire population and that
are very nearly complete" (Wilmoth et al., 2021, p. 4) are included in the database.

The HMD provides raw data as well as estimates of the di erent mortality measures.
The raw data is taken directly from the original data sources such as national censuses
and death registrations from the national statistical o ces and is only cleaned of obvious



processing errors. The data cleaning is applied to deaths, births and population sizes that
are used as input data for the calculation of the other provided datasets. These include,
among others, population exposures (i.e., estimates of the population exposed to the risk of
death), death rates and life tables. Some of the estimation methodology applied to the raw
data includes the splitting of aggregated data into single-age categories, the distributing
of deaths with unknown age across the age at death distribution, and the estimation of
population sizes for ages above 80. All these methods are applied to harmonize the data
so that analyses comparing countries or pooling data across countries are possible. See
the methods protocol of the HMD (Wilmoth et al., 2021) for an in-depth look at the
methodology used to achieve data conformity.

For the analyses in Paper 1, death counts and population exposures were sourced for
the male population of Denmark, England and Wales, France, Iceland, the Netherlands,

Norway, and Sweden for the years 1871 to 2019. These countries have the longest time
series available, which quali es them for the forecast error analysis.

For England and Wales, the HMD di erentiates between the "civilian" and the "total"
population. The two datasets di er for the years 1912 to 1920 and 1939 to 1950 during
which the civilian dataset excludes military deaths. For our forecast analyses, we want
the entire population to be re ected. Excluding military deaths means excluding a part
of the population whose mortality is exceptionally vulnerable to con icts and wars. Wars
are a major source of forecast uncertainty in two ways. On the one hand, including
periods of elevated mortality as input data for forecasting time series of mortality can bias
the forecast results compared to a forecast without the inclusion of excess deaths due to
wars. On the other hand, when empirical prediction intervals are applied, the inclusion
of the forecast errors caused by this bias is desirable for estimating the future forecast
uncertainty. Mortality forecast models have a hard time forecasting unforeseen events
(unforeseen at least for the time-series model), such as wars or pandemics that a ect the
mortality. Further, we desire comparability between the countries in our analyses and the
majority of country datasets in the HMD do not di erentiate between the civilian and the
total population.

The higher vulnerability to con icts and wars is the reason we chose the male population
for our analysis of lifespan uncertainty in Paper 1. Not only is the life expectancy of males
generally lower compared to females. The variance in the age at death of males is also
higher. This gives us more room in the form of higher lifespan uncertainty to perform our
variance decomposition. In light of higher mortality due to extreme events and its e ects
on forecast uncertainty, we have decided to take a two-sided approach: On the one hand,
we perform the variance decomposition for a scenario in which we do not expect extreme
mortality due to wars or epidemics. We do so by excluding the war-a ected years from
the mortality forecasting procedure to complete the cohort mortality lifetables. On the
other hand, in a second scenario, we do allow for the possibility of extreme mortality by
using empirical forecast error quanti cation to estimate the forecast variance.

For Paper 2, we use another data source provided by the HMD. The Short-Term Mortality
Fluctuations data series (STMF) is a sub-dataset that was created in response to the data
needs of scientists and the public that emerged together with the COVID-19 pandemic
starting in 2020. The STMF provides harmonized weekly death counts for 38 countries



by week, year, age, and sex. The input data for the dataset consists of annual population
exposures and weekly death counts sourced from the national statistical o ces. As
with the other data in the HMD, the same data quality requirements and methods of
data harmonization are applied. In order to be included in the dataset, countries' death
registrations and census data must be complete. Further, deaths with unknown age are
distributed across the age at death distribution and aggregated data is split into ner
groups.

A detailed description of the data, its sources, and quality aspects, such as coverage and
timeliness, is documented in detail in the Metadata (Short-Term Mortality Fluctuations
data series (STMF). Human Mortality Database. Max Planck Institute for Demographic
Research (Germany), University of California, Berkeley (USA), and French Institute for
Demographic Studies (France), 2025b).

We have chosen the 23 countries (Austria, Belgium, Bulgaria, Croatia, Estonia, Finland,

France, Germany, Hungary, Israel, Latvia, Lithuania, Luxembourg, the Netherlands,

Norway, Poland, Portugal, Scotland, Slovakia, Slovenia, Spain, Sweden, and Switzerland)
whose data series on weekly deaths starts in the year 2000 or before.

2.2 Human Fertility Database

The fertility forecasts in paper 3 are created using data from the Human Fertility Database
(HFD) prepared by the Max Planck Institute for Demographic Research (Germany) and
the Vienna Institute of Demography (Austria). The HFD provides a variety of fertility
measures, such as fertility rates, mean age at birth, and birth counts by age, period, and
cohort for 34 countries. The database follows the same principles of data access, quality,
and comparability as the Human Mortality Database. The data is accessible free of charge
after prior registration. Only data from countries whose birth registrations are complete
are included, and a set of applied methods ensures the conformity of the data across
countries.

Similarly to the HMD, the fertility measures provided are calculated from birth counts
and population counts used as input data, which are mainly sourced from the national
statistical o ces. For a detailed description of the data, sources and methods applied, see
the HFD methods protocol (Jasilioniene et al., 2021).

For paper 3, we use the age-speci c fertility rates that have been grouped into 5-year
age groups from the HFD. The outcome of the paper is probabilistic fertility forecasts for
Finland that have been calibrated on historical forecast errors. We also use the fertility data
of Sweden, Norway, and Denmark for the calibration of these forecasts. The four Nordic
countries have had a similar fertility development during the last century (Andersson et al.,
2009). This joint movement is also known as Nardic fertility regime Even if, in recent

years, slightly diverging patterns between the countries have been observed (Hellstrand
etal., 2021), the long lasting joint fertility development quali es the Nordic countries for
the use in the forecast error analysis.



2.3 Learning from past mistakes

The foundation of any forecast error analysis is the forecast errors themselves. Depending
on their use in the papers, they are further developed into empirical prediction intervals
for the respective forecasts. The basic forecast error is derived by comparing the forecast
value Fiwith the actual observed vall¢of the outcome of interest at time poiGtThus,

it can only be derived in retrospect. The simplest way of comparing these two values is to
take the di erence, resulting in the forecast error:

4= H P (2.1)

Other error measures, also called error scores, have been developed to allow for more
comparability by reducing scale dependency, aggregating forecast errors over time, or
relativizing extreme outliers (see Hyndman and Koehler, 2006, for an overview). They
all measure the accuracy of deterministic or point forecasts. Other measures used for the
assessment of probabilistic forecasts will be introduced in chapter 2.3.3.

Throughout the papers, two di erent error scores for deterministic forecasts are used. In
Paper 1, we use the mean square error (MSE) pooled across all 7 codraines33
cohorts2 to compare the observed cohort life expecta@f"’e“with the mean of the

simulations of Lee-Carter forecasts of cohort life expectafgy:

1 O
MSE = 148bserved EQZ. (22)
33 7 1,, Oea

The MSE plays a role in the variance decomposition of total lifespan uncertainty into
lifetable lifespan uncertainty and forecast uncertainty.

In paper 2 and 3 we employ the log-relative erboat time C which is the logged ratio
between the observed and the forecast outcome of interest:

:':1tb00
De=: e (2.3)

This relative error score reduces scale dependency and asymmetry. This is of advantage
for modeling the forecast error distribution used to derive empirical prediction intervals.

2.3.1 Empirical prediction intervals

Probabilistic forecasts, in contrast to deterministic point forecasts, allow to distinguish
between likely and extreme scenarios by assigning probabilities to possible outcomes (see
e.g., Lee, 1998; Keilman, 2018). Usually, this is done by providing upper and lower
bounds thatis, a prediction interval in which the forecast outcome will lie with a given
probability, for example, 95%. The quality criterion of probabilistic forecasts are their
calibration: Are the forecast probabilities of the outcome consistent with the observed
relative frequencies of that outcome? Or, in other words, do the forecast rare events occur
rarely, and do the forecast likely events occur regularly? An empirical approach to ensure



good calibration of probabilistic forecasts is the use of empirical prediction intervals.
These have originated from the analysis of forecast errors in demographic forecasting
already in the 1970s and enjoyed some popularity in the 1980s and early 2000s among
forecasters (Williams and Goodman, 1971; Stoto, 1983; Cohen, 1986; Smith and Sincich,
1988; Keilman and Pham, 2004a; Alho and Spencer, 2005; Alho et al., 2008; Rayer
et al., 2009). In more recent years, however, the approach has become less common in
demographic forecasting, although it continues to be used (Wilson, 2013, 2024).

The basic idea of empirical prediction intervals is that forecast errors are used to estimate
a forecast error distribution that is then used to derive prediction intervals for the actual
forecast. Usually, the forecast errors are derived from applying the forecast method that is
used for the actual forecast to past periods in an out-of-sample design. Interestingly, the
forecast errors do not have to stem from the application of the forecast method of interest.
For example, Keilman and Pham (2004b) constructed empirical prediction intervals for
Nordic fertility forecasts by estimating interval widths from the standard deviation of
errors observed in historical forecasts published by statistical agencies that used a variety
of methods to forecast.

Due to its empirical nature, forecast error analysis is, obviously, not bound to demographic
forecast outcomes. Other elds of research are interested in using forecast errors for the
calibration of prediction intervals, too. Firstintroduced by Gammerman et al. (1998), con-
formal prediction (CP, Shafer and Vovk, 2008; Fontana et al., 2023) is a line of research in
machine learning that uses out-of-sample errors to generate calibrated probabilistic fore-
casts. Researchers have developed advanced CP methodology for di erent applications,
including, in more recent publications, time series forecasting (Papadopoulos et al., 2007;
Fontana et al., 2023; Angelopoulos et al., 2024). Further, in climate modeling, calibration
of predictions using historical data is done under the term empirical quantile-mapping as
a form of bias-correction of forecast distributions (Cannon, 2018; Qian and Chang, 2021).

The existing methodology provides probabilistic forecasts calibrated on historical forecast
errors in the form of prediction intervals. However, existing research has not yet developed
approaches to generate calibrated time series trajectories that align with these interval
bounds. Such simulated outcome trajectories are used as inputs for downstream modeling,
for example, to analyze and plan the determinants of social security systems. In paper
3, we therefore propose a combination of existing methodology to provide probabilistic
forecasts of the Finnish total fertility rate in the form of simulated trajectories whose
distribution follows an empirical forecast error distribution.

Data splitting

Before the methodology of deriving and applying empirical prediction intervals is intro-
duced, | will detail how the data needs to be prepared. Precisely, the data containing the
demographic measure of interest needs to be split or cut into smaller, partially overlapping
data series in the fashion of a cross-validation (CV). The data splitting is visualized in
Figure 2.1 on the example of weekly death counts used for the analysis in Paper 2. The
aim of this data splitting is to maximize the amount of data points used for the forecast
error analysis, to increase generalizability and to reduce over- tting. Each of these CV



Figure 2.1: Data splitting set-up for the forecast error analysis of short-term forecasts of
weekly death counts.
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series consists of a training part (blue) and a testing part (pink). The training data is used
to tthe forecast model (input data). Then, using these model ts, forecasts are produced
for the time span of the testing data. Thus, the observed values of the testing data can be
compared to the forecast values in order to calculate the forecast errors.

To derive empirical prediction intervals and apply them to the actual forecast, we divide
the CV series into three types of data series that are needed for di erent methodological
steps: Calibration data, validation data, and application data.

2.3.2 Calibration, validation, and application

Calibration The calibration data series are used to calculate a forecast error measure
based on the comparison of the observed with the forecast outcome of interest. This is
done for each CV series that is part of the calibration data and for each time step of the
testing part of the series. Plotting each forecast error by the time step of the testing period
(forecast length) results in a forecast error distribution that re ects the historical forecast

performance of the model of choice. In the next step, this error distribution can be modeled
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Figure 2.2: Observed forecast errors in the calibration data series with modeled forecast
error distributions for weekly death forecasts.
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using a variety of parameterizations. On the example of forecasts of weekly deaths from
paper 2, Figure 2.2 shows the distribution of forecast errors modeled using three di erent
models. While panel a) shows the 95% error interval derived from the negative-binomial
variation, panels b) and c) show empirical estimates of the forecast error distribution. For
panel b), a time-varying skew-normal distribution was used to capture the skewness and
seasonal patterns in the empirical error distribution. The result is a smooth, time-varying
interval. Panel ¢) shows a simpler but rougher approach to modeling by deriving the raw
quantiles of the observed error distribution.

Once a forecast error distribution is estimated, for example, by using a time-varying skew-
normal model, a distribution for the forecasts themselves can be constructed. This forecast
distribution is calibrated to the error distribution in a way that the quantiles of the forecast
distribution are derived from the corresponding quantiles of the error distribution. For
example, if a given relative error is exceeded 10% of the time, the corresponding forecast
distribution is equal to the central forecast times the 90% quantile of the forecast error.

Validation Now that we have an empirical forecast error distribution, we can turn our
attention to validating it. Therefore, we employ the validation data series. As seen
in Figure 2.1, the validation series are also separated into training and testing periods.
Again, our forecast model of choice is tted to the training periods, and central forecasts
are created for each time step of the testing periods. To create empirical prediction
intervals around these central forecasts, we derive a calibrated forecast distribution from
the quantiles of the error distribution so that the following relationship holds: If a given
relative forecast error is exceeded, for example, 10% of the time, the 90% quantile of the
calibrated forecast distribution is equal to the central forecast times the 90% quantile of
the relative forecast error. This can be applied in the same way to other p-quantiles of
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the error distribution. The results are central forecasts with empirical prediction intervals
(empirical PIs) of varying widths, for example, 80%, 90% and 95% intervals, which have
been calibrated to the empirical forecast errors.

These empirical Pls need to be validated and compared to other Pls to check their per-
formance. Di erent calibration metrics have been developed to assess the quality of
prediction intervals and probabilistic forecasts. | will introduce four metrics that are used
throughout the papers of this thesis.

The most intuitive way of checking the quality of a prediction interval is to asses its
coverage in a validation setting. By comparing the actual coverage to the nominal coverage
we assess which fraction of observed data points is covered by the prediction interval.
A prediction interval with perfect coverage is, for example, a 95% prediction interval
(nominal coverage) that contains 95% of the observed data points (actual coverage).

Another main quality criterion is the sharpness of the prediction interval, which can be
measured using the mean interval width. The sharpness competes with the coverage.
Prediction intervals that are too wide on average render the forecast meaningless, as the
results are too imprecise. However, a very narrow interval width may communicate a sense
of certainty about the forecast outcome that is unrealistic and could, therefore, negatively
impact the coverage.

To simultaneously assess the coverage and the mean interval width, a measure that com-
bines and balances the two criteria can be used. Gneiting and Raftery (2007) propose the
Mean Interval Score (MIS) as a proper scoring rule for validating prediction intervals.
The MIS punishes prediction intervals that are too wide where they do not have to be,
and rewards prediction intervals that are narrow enough to maintain good coverage. For
example, when comparing two prediction intervals with equal coverage, the one that is on
average narrower will have the better (lower) MIS.

In paper 3, the probabilistic forecast outcome is a set of simulated forecast paths instead
of central forecasts surrounded by prediction intervals. Thus, in addition to validating
the prediction intervals, we further assess the quality of the entire forecast distribution.
We use the Continuous Ranked Probability Score, another proper scoring rule (Gneiting
and Raftery, 2007), to comparatively evaluate the distribution of forecast paths between
di erent models.

Application Afterthe validation analysis, if the empirical Pls are deemed of high quality,

the actual forecasts of interest can be created. The procedure is similar to the steps taken
during the validation part. Using the single application data series which only consists
of training data (see Figure 2.1), we rst produce the central forecasts for the future.
Then, we derive the calibrated forecast distribution using the empirical error distribution
estimated from the calibration data. The nal result is a probabilistic forecast that has
been calibrated to empirical forecast errors.
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Figure 2.3: Forecast paths of Finnish TFR from a forecast model (PPS), before (left
panel) and after quantile-mapping (right panel).
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2.3.3 Quantile-mapping

The methodological steps to create forecasts with empirical Pls described above are used
in paper 2 to analyse the forecast error distribution of forecasts of weekly deaths late in the
COVID-19 pandemic. The creation of probabilistic forecasts of the Finnish Total Fertility
Rate (TFR) in paper 3 deviates from this methodology while maintaining the same core.
Instead of deriving empirical Pls of various widths around a central deterministic forecast,
the outcome is a full forecast distribution that has been calibrated to the forecast errors.
In this case, the central forecast consists of a set of simulated forecast trajectories or paths
whose distribution is manipulated to match the empirical error distribution. To do so, we
employ quantile-mapping and combine it with the methodological steps of the empirical
Pls. After deriving the calibrated forecast distribution from the errors of the calibration
cv-series, we map the p-quantiles of any single forecast path of the central forecast to the
corresponding p-quantile of the calibrated forecast distribution. Figure 2.3 illustrates the
quantile-mapping on the example of forecast paths of the Finnish TFR coming from a
model called Postponement Time series model (PPS) (see section 2.3.4 for more details
on the fertility modeling and forecasting). From 500 individual TFR paths, a single path

is highlighted in color in both panels to illustrate how quantile-mapping transforms the
individual forecast paths.

2.3.4 Producing the central forecasts

As described in the section above, before any forecast error analysis can be performed,
rst, we need to produce the forecasts itself. These central forecasts are not limited to a

13



speci ¢ type of forecast methodology, for example, to extrapolative methods. Any type of
forecast model could be employed to produce the central forecasts, such as forecasts based
on expert opinions or scenario approaches. That is all under the condition of having the
necessary data coverage and requirements to apply the forecast method of choice to the
cross-validation series. In the following, | introduce the methodology used to derive the
central forecasts of each of the papers that make up this thesis.

Lifetables and their variances The aim of the rst paper is to disentangle the contri-
bution of forecast variance and lifetable lifespan variance to the total individual lifespan
variance. We denote by the random age at death of a newborn and liye random vec-

tor of age-speci ¢ cohort death rates parameterizing the distribution dlow much of

the uncertainty about the newborns eventual lifespan is driven by within-lifetable stochas-
ticity, and how much is driven by the uncertainty about which future lifetable will apply
to the newborn? The law of total variance, as demonstrated in the context of lifetables by
Caswell (2023), allows us to answer this question by decomposing the total variance in
the newborns age at deaWfgr- °, into variance due to uncertainty in future death rates,
Var. »E!- j- °%and the expected variance inherent to any lifetablelart- j- °%

Vart-© = Eovart-j-°% | VaroE!- j-%% (2.4)
I {z } I {z "} I {z "}

Total lifespan variance ~ Within-lifetable variance / Between-lifetable variance /
Expected lifespan variance Forecast variance

The lifetable is the classic tool for demographers to portray and analyze living and dying
in a population. The cohort lifetable describes the mortality experience of a birth cohort
until its extinction. We can also construct lifetables with a period perspective to describe
the experience of a synthetic cohort that undergoes the mortality of a speci ¢ period, for
example, ayear. Given the availability of age-speci ¢ death and population counts, several
mortality measures can be derived using the lifetable. These are, for example, age-speci ¢
mortality and survival rates, age-speci c life expectancy including life expectancy at birth,
and lifespan variance. For birth cohorts that have already gone extinct, deriving these
measures is straightforward, as all mortality information is available. But what about
cohorts with members that are still alive? In this case, the respective cohort lifetable
needs to beompletedby forecasting the mortality experience of those cohort members
that are still alive.

One way of retrieving cohort lifetable forecasts is to exploit the relationship between age,
period, and cohort. This relationship can be visualized using a Lexis diagram. On the
horizontal axis, we nd the period in years, and on the vertical axis, the age in single
increments. Thus, a birth cohort member moves through time on the diagonal of this
plane. Therefore, if we forecast the period mortality across ages and years, we can extract
the mortality forecast for a birth cohort by following the diagonal. This is illustrated in
Figure 2.4 for period forecasts starting in 1900 and cohorts that were either born, have
turned 40, or have turned 80 in this year.

We chose the standard Lee-Carter model (Lee and Carter, 1992) to forecast the period
lifetables. The Lee-Carter model is a simple extrapolative model commonly used for
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Figure 2.4: Visualization of the diagonal extraction of lifetable forecasts for the birth
cohort of 1900.
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mortality and fertility forecasting. We t the Lee-Carter model on the 30 years of data
prior to the birth of a cohort and then perform 100-year period forecasts starting at each
cohort's birth year. This allows us to extract a 100-year cohort diagonal from the period-
age surface. Further, we extract the mortality of cohorts that have turned 40 and 80 at the
beginning of the forecasts. This allows us to perform the variance decomposition of the
lifespan uncertainty faced by an individual at di erent ages.

Expected and excess deathsWe derive the short-term mortality forecasts for the es-
timation of excess deaths in paper 2 using a methodology that is also employed by the
World Health Organization (WHO, Weinberger et al., 2020). We forecast expected deaths
Fattime) , using an overdispersed count regression,

B =explU, V , B F» ¥ (2.5)

where) is the last time-point in the training data ands the number of weeks into

the forecasting horizony  captures the long term trend of deaths, &@dF » %9s

a cyclical penalized spline over the week of the year to re ect the seasonality of death
counts. We assume the weekly deaths under the expected scenario to be distributed as

. Neg-Binomialt¥f ——e (2.6)

Following this, the estimation of excess deaths results from the di erence between the
observed weekly death counts and the expected deaths forecast.
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Finnish fertility ~ The fertility forecasts for Finland are derived from two scenario-based
approaches that use age-speci c fertility rates to forecast the total fertility rate (TFR).
The main model, called the Postponement Time Series Model (PPS), is based on the
assumption that the fertility postponement that took place in Finland would continue, but
gradually slow down and eventually stop (Nisén et al., 2020). We forecast time series of
5-year age group fertility rates using a random-walk-with-drift (RWD) model

IntPe_2= Vo_¢ IN'Hs_ct®, Nocls—c #10-12- 2.7)

whereGis the age groupds the calendar yea¥s_ds the model drift, anahs_ds the error

term. The drift ternVg_ds forecast under two calculation assumptions. First, the increase

in the average age at birth slows down and the TFR approaches the tempo-adjusted TFR
of the last observed year. Thereafter, there is no drift tevi:= 0. Finally, the TFR

is obtained by adding up the age-group-speci c fertility rates and multiplying it by the
width of the age-groups. The second and simpler scenario serves as a naive baseline for
the later comparison of forecast performance. This model also forecasts the age-speci c
fertility rates using a random walk but assumes that the fertility rates are xed at the level

of the last observed year.
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Chapter 3

Results

In the following, | will summarize the aims and main ndings of the papers that make up
this thesis. The results were derived using the data and methods described above.

3.1 Paper 1. The contribution of forecast uncertainty to
lifespan uncertainty

In this paper, we decompose the total lifespan uncertainty of an individual cohort member
into forecast uncertainty and lifetable lifespan uncertainty. Doing so, we can either back-up
or challenge the interpretation of lifespan variance at the population-level as an indicator
of individual lifespan uncertainty, depending on the results. In this section, | present
the results using the example of the male birth cohorts of Sweden and Iceland. Figure
3.1 shows the contribution of the forecast variance to the overall lifespan uncertainty for
scenario A (dark green) and scenario B (light green) at age 40 over the cohorts from
1861 to 1980. The forecast uncertainty of scenario A stems from the Lee-Carter forecasts
used to complete the cohort lifetables and corresponds to a future without mortality
shocks. Scenario B depicts a future where extreme mortality is a possibility. Here, the
forecast uncertainty is derived from the empirical forecast error using the Mean Square
Error (MSE). A development of the share over cohorts cannot be assessed for scenario
B because the MSE was aggregated over all cohorts. The two countries showcase the
strongest di erencesin our sample of countries. Inthe case of Sweden, the share of forecast
variance is very low (below 2%) in both scenarios across cohorts. Forthe Icelandic cohorts,
we observe a reduction in the share starting at around 14% and reaching a level around
6% since cohort 1920 in scenario A. Further, the MSE for Iceland (15.1%) is higher than
for Sweden (1.5%). Summarizing these results and the additional analysis outlined in the
corresponding paper, we conclude that the forecast variance contributes a low share to
the overall lifespan variance under scenario A that is, under the assumption that future
mortality develops without extreme shocks. When the possibility of such drastic mortality
events due to, for example, wars or pandemics, is taken into account, the share of forecast
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Figure 3.1: Share of forecast variance on total cohort lifespan variance at age 40 under
a scenario without future mortality shocks and under a scenario with mortality shocks
among male birth cohorts of Iceland and Sweden.
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Note: The estimate of the share of forecast variance under the scenario with mortality shocks is constant across
cohorts. It is based on pooling the forecast errors across all cohorts and simulations.

variance is still low, with exceptions such as Iceland. The ndings for Iceland stand out
due to the small population size, which translates into more volatile mortality rates that
are prone to higher forecast uncertainty. Further, we show that the observed decrease
in overall lifespan variance over time is primarily driven by the decrease in the lifetable
lifespan variance and not the forecast variance. Thus, these ndings generally support the
interpretation of lifespan variability as an indicator of individual lifespan uncertainty.

3.2 Paper 2: Empirical prediction intervals applied to
short-term mortality forecasts and excess deaths

The motivating research question of this paper was how unusual it is to observe 10%
excess deaths throughout the year at the then current stage of the Covid-19 pandemic in
2022. In other words: What is the signi cance of elevated mortality given the uncertainty

in statistical estimations? Using empirical prediction intervals, we show that commonly
used conventional prediction intervals for the estimation of expected deaths are usually
too narrow and thus give a false impression of certainty around excess death estimates. In
the following, | will summarize the ndings of paper 2 on the example of Germany.

From the analysis of the empirical forecast errors, it is clear that the forecast error of
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the expected deaths model used is positively skewed. In other words, it underestimated
the actual mortality more times than it overestimated it. The observation of skewness
justi es the use of the skew-normal model as one of the options to model the forecast error
distribution. In addition, we can see a strong seasonal pattern in the distribution of the
forecast error: The forecast errors are larger in winter and also slightly elevated in summer.
Compared to the other approach of using the raw quantiles of the distribution, modeling
it with the skew-normal function results in a smoother representation. However, both
models are able to capture the seasonality in the forecast error. When comparing these
results with the commonly used negative-binomial approach to estimate the uncertainty in
expected deaths, it becomes evident that this approach is not able to capture the seasonality
and assumes a constant error over the year.

These results from the analysis of the forecast error directly translate into the prediction
intervals derived from them. Both types of empirical prediction intervals are wider in
winter compared to the negative binomial Pls. If one were to judge from the negative-
binomial Pls, excess deaths in Winter would be considered unusual, as they lie outside of
the rather narrow PIl. However, judging from the empirical Pls that take the historically
observed uncertainty into account, one would come to the conclusion that observing
excess deaths in winter is not that unusual. Further, the raw quantiles approach causes a
rougher interval that is not as smooth as the Pl modeled with the skew-normal function.

The validation of the calibration of the di erent types of prediction intervals was per-
formed on data from all countries of the analysis. Comparing di erent calibration metrics
for a nominal coverage of 95% reveals that all Pls tend to be too narrow, but the Pls con-
structed using the negative binomial and the empirical Pls modeled with the skew-normal
model come close to the nominal coverage. Across all metrics, the empirical Pls using
the raw quantiles approach perform the worst. This highlights the need for more elaborate
modeling of the forecasting error distribution to achieve smoother and therefore general-
izable prediction intervals and avoid over tting. Considering the coverage metric on an
annual basis, the negative-binomial Pls perform best. However, this hides the seasonality
of the forecast uncertainty. When looking at the coverage by season, in autumn and winter,
the best coverage is achieved by the empirical skew-normal intervals. Further, it becomes
obvious that the negative-binomial Pls are too narrow in winter and too wide in autumn.
When taking this width into account by using the mean interval score metric, the empirical
skew-normal Pls are best calibrated annually and in each season except summer, when the
negative-binomial Pls perform better.

Regarding the better performance of the empirical prediction intervals compared to those
based on the negative-binomial model, it should be noted that seasonality can also be
incorporated into negative-binomial prediction intervals, for example, by using time-
varying overdispersion (Pan et al., 2018). However, such approaches are not commonly
used and require more elaborate model speci cations than empirical prediction intervals.
Coming back to the original motivating research question, if negative binomial Pls are
used, in the case of Germany, one would come to the conclusion that observing 10% excess
deaths is just as unusual in winter as in summer. However, using empirical prediction
intervals reveals the seasonality in this uncertainty. The likelihood of exceeding the
threshold of 10% excess deaths varies by season (see Figure 3.2). This applies to all 23
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Figure 3.2: Weekly probability for 10% excess deaths given pre-pandemic mortality

derived from empirical prediction intervals and negative-binomial prediction intervals
for Germany.
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countries in the analysis. However, the periods for which 10% excess is not unusual to
observe di er by country.

3.3 Paper 3: Calibrating probabilistic forecast paths on
past forecast errors: An application to the Finnish
total fertility rate

Paper 3 of this thesis is providing scenario-based forecasts of the Finnish TFR that are
calibrated on historical forecast errors. By combining the methodology of modeling the
forecast error distribution with the quantile-mapping approach, we calibrate probabilistic
forecasts paths of the TFR in Finland up to 2070. Figure 3.3 guides the reader through
the methodological steps and summarizes the results of the paper.

Analyzing the forecast errors of the postponement scenario model that has been applied
to the calibration data shows that the model tends to overestimate the actual observed
TFR in the four Nordic countries (panel 2). This overestimation is apparent from the
earliest forecast years. This bias justi es the use of the skew-normal function to model
the error distribution to increase smoothness and generalizability. Further, it is necessary
to address the data scarcity in the later forecast years. After calibrating the forecast
paths stemming from the PPS model using the model of the historical error distribution
(panel 3), the 95% interval is narrower toward the end of the forecast horizon and wider
in the beginning, compared to uncalibrated PPS forecast paths. Further, the negatively
skewed error distribution results in a shift of the median forecast to a lower value (TFR
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Figure 3.3: Graphical summary of the methodological steps and results of the analysis

in Paper 3.
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of 2.07 before calibration, and 1.99 after calibration at the end of the forecast horizon).
The forecast validation analysis shows a better performance of the forecast paths from
the PPS model that have been calibrated on the forecast errors across several metrics
compared to the uncalibrated PPS paths and the naive model (panel 4). These results are
mainly consistent for three di erent nominal coverages (80%, 90%, and 95%), for the full
forecast horizon and for di erent forecast lengths, and across several error measures. The
application of the empirical forecast error distribution to the actual forecast of Finland's
TFR up to 2070 results in a slimmer forecast distribution with a median of 1.35 in 2070
(panel 6), compared to the forecast before the calibration (panel 5).
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Chapter 4

Discussion

There are di erent sources of uncertainty in demographic forecasting. One source is
the sub-optimal data quality of the input-data due to mis-reporting in, for example, cen-
suses, data gaps that need to be lled via estimation, lack of coverage be it across
time or across the population or other signs of low-quality data. Next, uncertainty in
demographic forecasting stems from our inability to forecast the likelihood, timing, and
magnitude of extreme events that heavily impact demographic measures. Examples are
wars, pandemics, or (geo-)political changes. Further, an important source of uncertainty
is inherent to the forecasting methodology itself. Depending on the basic forecast type
(extrapolative, scenario-based, expert opinion, or a combination of these), there is uncer-
tainty around model parameters due to statistical randomness, and uncertainty stemming
from inaccurate model choice and speci cation. In addition, there is stochastic or aleatoric
uncertainty, due to the inherent randomness in the outcome. From these sources, only the
model-based types of uncertainty and the aleatoric uncertainty, if speci ed, are expressed
in conventional prediction intervals. However, the empirical forecast error captures all of
these sources of uncertainty and expresses them in a neat, easily understandable metric.

In this thesis, | have shown that the analysis of forecast errors provides meaningful
insights for demographic forecasting. By combining forecast error analysis with further
methodological steps, such as modeling the forecast error distribution, deriving empirical
prediction intervals, and mapping forecast paths to a distribution that has been calibrated
to forecast errors, | presented improved forecasts in the papers that make up this thesis.

The results of these papers are based on an assumption of continuity. It is the main
assumption that allows us to derive empirical prediction intervals from observed forecast
errors. | call it the Big Assumption: The forecast errors of the future will resemble
the forecast errors of the past. This essential assumption is more conservative than its
counterfactual, the belief that the future will be vastly di erent from the past. Such an
assumption would need much more justi cation because it would mean that we expect
demographic forecasts to suddenly change drastically in their performance in a way that
does not resemble any changes in the past that are included in the calibration data of the
empirical prediction intervals. Thus, as Alho et al. (2008) argue, it is necessary to provide
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arguments for this counterfactual in order to challenge the assumption of continuity.

The Big Assumption is challenged, one might think, by the use of scenario-based forecast
models as their applicability is bound to a speci ¢ demographic regime in time o of
which they are based. However, in the third paper of this thesis, we have shown how
scenario-based forecasting can be combined with empirical prediction intervals even if
the period of applicability is small. By including additional data from countries with
similar fertility regimes and over-lapping the cross-validation series, we were able to
prove the applicability and better performance of this methodology compared to standard
ways of estimating forecast uncertainty.

The main limiting factor for application of forecast error analysis and empirical prediction
intervals in demographic forecasting is data availability. This also challenges the theo-
retically general applicability of empirical Pls across scienti ¢ elds and forecast model
types. Due to the empirical PIs hunger for long data series, our selection of countries
in the analyses of the papers is limited to high-income, low-mortality countries which
have longer time series and high data quality provided by the HMD and HFD. The cause
for the high data demand is the cross-validation design with its separation of data into
calibration, validation and application series. However, the e ciency of data usage can
be improved by overlapping of the cross-validation series, as shown in paper 3. This holds
the risk of over- tting and reduced generalizability of the results, but can be mitigated by
strict hold-out datasets for the validation part of the analysis. There is another interesting
approach that might be worth investigating in cases when the cross-validation design is not
applicable due to data constraints or the nature of the chosen forecast model, but empirical
prediction intervals are still desired: Prediction intervals based on errors in actual pub-
lished historical forecasts. Instead of applying the forecast model to the cross-validation
design, the forecast errors come from the comparison of observed values with actual
forecasts created in the past by, for example, national statistical agencies. Keilman and
Pham (2004b) introduced this method to determine the forecast error of fertility forecasts
for the Nordic Countries.

Neither in paper 2 nor in paper 3 are the empirical prediction intervals perfectly calibrated,
as judged by the calibration scores in the validation part of the analyses. Hence, empirical
prediction intervals are not a perfect solution to estimate the uncertainty of our forecasts.
Still, they perform well and better than other methods of estimating forecast uncertainty,
while being based on an empirical and thus intuitive and easily communicable notion: We
check how wrong our forecasts would have been if we had applied them in the past and use
these insights to inform the uncertainty around our actual forecasts. At the same time, the
results of these papers highlight that further methodological work is needed to account for
sources of uncertainty that are not adequately captured by existing approaches. One such
area is seasonal uncertainty, which remains under-researched in demographic forecasting.
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Chapter 5

Conclusion

What is the aim of science? To produce knowledge. It seems paradoxical to write this
thesis and come to the conclusion that the biggest contribution | made was to advocate
for more uncertainty. But in the same way as saying, "I know that | dont know", it is of
utmost importance to acknowledge our uncertainties, to put a number on how certain we
are about our research results. Especially with demographic forecasting, it is not only the
humble but also the ethically right decision to communicate that our results are nothing
more than an educated guess. Looking back at our past results reveals how uncertain
the future actually is and how limited our ability to predict it is. Therefore, can there
be a better way to improve our predictions for the future than by learning from our past
mistakes?
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Abstract

Background

Period lifespan variability is sometimes interpreted as an indicabr of lifespan uncertainty for individual
cohort members. Is this an admissible interpretation for living cohot members, given that future death
rates are not precisely known?

Objective

To answer this question, we express individual lifespan uncertaity as a function of variation in ages at death
in a cohort lifetable and uncertainty about future death rates. We then quantify the importance of each
component to total individual lifespan variability of a birth cohort. A s mall contribution of the forecast
variance would support the interpretation of lifespan variability as individual lifespan uncertainty.

Methods

Using Human Mortality Database data for seven European countries, we decongse the total variance in the
remaining lifespan at birth, age 40, and age 80 of an individual cohort member o cohort lifetable variance
and forecast variance for cohorts born 1871-2019. We do so under Lee-Carter cohort émast variance and
under an empirical forecast variance measure which allows for mortalityshocks.

Results

Even when accounting for the possibility of future mortality shocks, the forecast variance component tends
to contribute less than 10% to the total lifespan variance of an individual Exceptions are France and the
small and thus volatile population of Iceland. Conditioning on the absenceof future mortality shocks, the
forecast variance contributes around 1% to total lifespan variance.

Contribution

We give credibility to the interpretation of period lifetable lif espan variance as individual lifespan uncertainty
by showing that the lifespan variance of a cohort is mainly determinedby expected lifetable variance with
smaller contributions from forecast variance.

Key words
Variance decomposition; cohort mortality; mortality forecasting; lifespan variation; lifespan inequality



1 Introduction

The variability in the age at death { that is, lifespan inequality { is th e focus of ongoing research (Caswell
2023;/Aburto et al)[2020; Van Raalte et al| 201B| Colchero et &l. 2016; Seligman etlal. 2016; Vaupéla.
2011; Edwards and Tuljapurkar|200%) including the development of new measuss(Nepomuceno et a|l 2022),
a focus on regional |(Wilson et al.| 2020) and socio-demographic disparities (Reanyer et al||2018;| Sassan
2016;|Brown et al||2012) and lifespan inequality in relation to economic decish making (Edwards |2013;
Hurd et al.|2004). Like life expectancy, lifespan variability is estimated from either a cohort or a period
lifetable and is a summary measure of the lifetable distribution of daths.

Some research has interpreted lifetable lifespan variability as indidual uncertainty (or predictability) of
a person's eventual age at death (Nepomuceno et al. 2022; Van Raalte et|al. 2018; Sasson 2[Fthyards|2013;
Edwards and Tuljapurkar|2005). However, such a personal interpretation iscontentious as the individual has
access to di erent information about their future lifespan than is given by the lifetable alone. We distinguish
three sources of information about individual lifespan: what the individual knows about themselves, what
they know about others, and what they know about the future.

1. Personal information: Di erent strata of a population experience di erent levels of lifespan uncertainty.
This has for example been shown across socioeconomic groups (Permangeral. [2018;| Sassan 2016;
Brown et al.|201Z2). Individual-level information on factors such as educatbn, income, lifestyle, and
medical histories can reduce the individual lifespan uncertainty For example, a life-time smoker knows
about the detrimental e ects of their health behaviour on their expected length of life. Therefore, the
individual's lifespan uncertainty is not the same as the lifespan urertainty researchers can estimate
with limited information. However, Caswell|(2023) shows that even with extreme levels of heterogeneity
in the population, only a few percent of variance in the length of life canbe attributed to inequality
between groups. Instead, it is the within-lifetable variance that explains most of the lifespan variability.

2. Interpersonal information: Another source of individual uncertainty or certainty about the lifespan
is the mortality experience of others. While the period lifetable is a source of such interpersonal
information on lifespans, it is only a snapshot at a single point in time.| Ne9poomuceno et al. (202P), argue
that individuals base their assessment of their lifetime uncertanty not only on the current mortality
experience of others (period mortality), but also on the past mortality experience of contemporary
cohorts: "it is possible that people adjust their survival expectations on the basis of the survival
histories of a broader mixture of family members, colleagues, and neiglaos [...] who were from
mixed birth cohorts" (Nepomuceno et al{{2022, p188). Thus, their proposed a@ss-sectional measure
of lifespan variability CAL ¥ takes both the period and the cohort perspective into account to allowfor
more informative monitoring of mortality changes.

3. Information about the future: Further, an individual has uncertaint y about which death rates will
apply to them. Only in a population in which age-speci c death rates do not change with time would
they know what their future mortality rates will look like. But mort ality rates are subject to constant
uctuations and sudden mortality shocks, for example, due to pandemes, other natural disasters, and
wars (Scheley et al|[2022). Additionally, it is uncertain to what degree long-term mortality trends will
continue into the future as illustrated by slowing rates of mortality improvements in some countries
(Hum et al.|2015; Ford et all{2019; Murphy|2021). Thus, an individual has uncertainty about future
death rates { that is, how their lifetable will be completed. This \f orecast uncertainty" adds to the
individual's total lifespan uncertainty.

We focus on the contribution of forecast uncertainty to total lifespan uncertainty and ask whether the
interpretation of lifespan variability as individual lifespan uncertainty is admissible for living members of
a cohort. A small contribution of the forecast variance to the total lifespan variance would support the
interpretation of lifespan variability as individual lifespan uncer tainty.

To separate the uncertainty faced by an individual about the length of its lifespan we divide it into the
lifetable component of variability { that is, uncertainty due to the shape of the survival curve (lifetable
lifespan variance) { and the forecast component of variability { that is, uncertainty about the shape of the
survival curve (lifetable forecast variance) { as the cohort lifetable has to be completed using forecasts of
age-speci ¢ mortality rates. For an individual cohort member, due to the law of total variance:



Total Lifespan Variance =
Expected Lifetable Lifespan Variance + Variance of Lifetable Forecasts

We estimate each of the above components across a range of birth cohorts invea countries. First,
we perform stochastic Lee-Carter |(Lee and Cartel 1992) lifetable forecastacross birth cohorts. Adopting
a methodology proposed by Caswell[ (2023), we then perform a variance decomjitizn of the total cohort
lifespan variance into a lifetable variance and a forecast variance compemt. This allows us to examine the
share of each component, and observe their changes and the development béttotal lifespan variance over
time.

We obtain results for the variance decomposition that relate to two di erent scenarios: (A) We expect a
linear future without mortality shocks or trend changes. In this scenario, we exclude the mortality data of
the two world wars from the Lee-Carter model estimation. Because the ncertainty estimated via the original
Lee-Carter model is known to be overly optimistic (Lee and Millef|2001;Booth et al.|[2006;|Li et al)[2009)
and because we excluded the war years, we look at a second scenario (8Yuture with mortality shocks and
trend changes. For this scenario, we use an empirical measure of forecagtriance from a cross-validation
exercise to estimate the forecast variance component { the Mean Squar€rror (MSE). The MSE is based
on observed forecast errors. Thus, using this empirical measure, exy optimistic variance estimates and
increased uncertainty due to extreme mortality events or trend ctanges are accounted for.

2 Data and methods
2.1 Data

We use data from the open-access Human Mortality Database| (Max Planck Instute for Demographic
Research, University of California, Berkeley, and French Institute for Demographic Studies 2023, HMD) for
our analyses. The HMD provides high-quality population and mortality data. We source male death counts
and population exposures by single age for Denmark, England and Wales, Franckeland, the Netherlands,
Norway, and Sweden, for the years 1871 through 2019. The countries were choseaskd on long available
data series that are necessary for both the cross-validation of the cohort ortality forecasts and the desire for
the analysis of multiple cohorts. Further, we perform the variance deomposition for forecasts of remaining
life expectancy at di erent ages (age 0, age 40, and age 80), thus increasing theemband for longer data
series. We have chosen to perform our analysis on male mortality to estiate the upper bound of lifespan
uncertainty. Male death counts have historically been more volatile die to higher male participation in
military conicts. This volatility increases both the lifetable li fespan variance and the lifetable forecast
variance. Similarly, we have included Denmark and Iceland whose moality trends are more volatile due to
smaller population sizes.

Cohort forecast speci cation

We forecast age speci ¢ mortality rates for birth cohorts 1901 through 2020 given he data available during
the 30 year period preceding a cohort. Thus, the tting window p = 1 corresponding to birth cohort ¢ = 1901
is 1871 through 1900 and the tting window p = 120 informing forecasts for birth cohort ¢ = 2019 is 1990
through 2019.

Model speci cation: We t a Poisson-Lee-Carter model where death counts at single age and single

yeart are distributed Dyt  Pois( xt Ex:t ), with Ex being the person-years of exposure andy. the death

pates. We usepthe original Lee-Carter speci cation xi = exp(ax + bck;) with identi ability constraints
(ke=0and b =1.

Model t: The model is t via maximum-likelihood with quadratic penalties on the second di erences
of the age e ects (ages zero to 100). These roughness penalties improve deb convergence and ensure
that forecasts for neighboring age groups are similar { an important considerabn when deriving cohort life



tables from period diagonals (Van Raalte et al.| 2023). To further improve thestability of the forecasts,
we penalize the squared di erence between parameter estimates ofvb neighboring tting periods, ensuring
that forecasts for neighboring cohorts are similar. A ridge penalty on the agee ects completes the set of
penalties. The penalized log-likelihood function over parameters ® = fa, ;b k : x 2 X;t 2 T (Pg for
tting period p then is

2 3
X X
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x2X t2T (p)
() (P) (p) (P .
1Pa, roughness T 2Pb, roughness ¥ 3Pdeviation 4Pridge (1)
where
(p) X2 (p) (p)
pa':roughness = (axg-z 2a><p+1 + ag(p))Z (2)
x=1
X 2
pgz)roughness = (bs2 20 + t&)z (3
x=1
(p) X0 X (p) (p 1)y2 ) 112
pdeviation = (axp axp ) + ( d(p d(p ) (4)
p=2 x=1
(p) X (p)y2 ))2
pridge = (axp ) + ( t&p ) : (5)
x=1
Parameter uncertainty: We quantify parameter uncertainty via an approximation to the parametric

bootstrap where we sample 2,500 parameter vectors from a multivariate Normal distribution with mean
equal to the maximum likelihood parameter estimates and covariancequal to the inverse of the corresponding
negative Hessian|(King et al| 2000; Haberman and Renshaw 2009).

Model speci cation uncertainty: We chose a penalized Lee-Carter model to forecast the mortality based
on extensive sensitivity checks. The results from these modetomparisons on the in uence of parameter
uncertainty and on the importance of model speci cation can be found in he additional material.

Forecast:  In order to forecast i‘? past the tting period, we estimate the drift and the variance of the
estimated year—on—yearkt(p) changes and simulate a corresponding random walk with drift over 100 yearfor
each of the 2,500 parameter draws. The resulting forecaslf\g(p) for forecast horizont 2 H (P are then used
to derive a corresponding surface of age-period mortality rates iﬁ) =exp alP + P Qt(p) .

We convert these period-age forecasts into cohort-age forecasts by eatting the corresponding cohort-
diagonals. LetJ(P) denote the jump-o year for the forecast corresponding to the tting w indow p. For each
period-age forecast ‘X‘f’t) we then extract the forecast mortality rates for those cohorts being inants during

the jump-o year, (x?t)=3(p)+ «» for those cohorts who turned 40 in the jump-o year, A>(<?t)=J(p) 40+ x» @nd for
(p)

those cohorts who turned 80 in the jump-o year, %.'_ ;.\ g0, - FOrecasts are done independently for each
country. For a visual representation of the extraction of cohort-diagonals,see the additional material.

The years 1914{1921 and 1939{1945 have been excluded from the estimationaf and b, and from the
k; drift and variance estimates. This conditions the forecast variance on duture without extreme mortality
shocks. For an estimate of the forecast variance allowing for the possilty of extreme shocks, we calculate
the mean squared forecast error of our cohort life expectancy forecasts.



Cohort variance decomposition We denote by X the random age at death of a cohort member and
with  the random vector of age-speci ¢ cohort death rates parameterizing the ditribution of X. How
much of the uncertainty about the individual's eventual lifespan is driven by within-lifetable stochasticity
and how much is driven by the uncertainty about which future lifetable will apply to them? The law of total
variance, as demonstrated in the context of lifetables by Caswell| (2023), Biws us to answer this question
by decomposing the total variance in the individual's age at death, VarX ), into variance due to uncertainty
in future death rates, Var [E(X] )], and the expected variance inherent to any lifetable, E [Var(Xj )I:

o - gy ey ) ©

Total lifespan variance Within-lifetable variance / Between-lifetable variance /
Expected lifespan variance Forecast variance

We employ the stochastic cohort lifetable forecasts ¢ to decompose the total individual uncertainty
about the remaining lifespan at birth. For brevity, we write ey, = E( X] ) for the expected age at death
(life expectancy) and 2 = Var( X| ) for the variance in the age at death (lifespan variance) of a cohort
member under mortality rates . Both quantities are calculated from stochastic cohort death rate forecats

s using the matrix lifetable equations in |Caswell (2023).

For scenario (A), a future without mortality shocks, we calculate the between-lifetable variance { that

is, the forecast variance of the cohort life expectancies { as

1

Var [E(X] )] = 2500 1
S

(e, @) @
where& = 5555 < €o, IS the mean cohort life expectancy forecast as averaged over the simuiah runs.
The second part of the variance decomposition, the expected cohort lifpan variance, or within-lifetable

variance, is calculated as the mean of the simulated lifespan variances:

E Mar(xj )= = 2 ®)
PI= 2800 | =
Empirical forecast error quanti cation For scenario (B), a future with mortality shocks, we employ

the Mean Square Error (MSE). The MSE is an empirical measure of Var[E(X | )], the forecast variance
component of the decomposition, based on actual forecast errors. This meagucontributes to our analysis
of sources of uncertainties in past lifespan forecasts. We use this @inical measure to analyse the share
of forecast variance under a scenario that allows for the possibility ofture extreme mortality or trend
changes in the mortality. The MSE is based on the empirical forecast eor that compares the observed
cohort life expectancy egffewed as published by the HMD (cohorts born from 1901 through 1932) with the
mean Lee-Carter forecasts of cohort life expectancyy_, . For each regionr, we pool the error across all
cohorts over the simulationss, resulting in the Mean Square Error:

1 X
MSE, = observed 2: 9
w1 @ &) ©)
Due to the cross-validation procedure used for the empirical forecaserror quanti cation, fewer data
points are available for calculating the MSE than for the variance estimaton from the simulated Lee-Carter
forecasts. To increase the robustness of the measure, we thereforesame that the MSE is constant and does
not vary across cohorts.

Classi cation by ages The methodological description above refers to the variance decompaiin for

cohort life expectancy at birth. In addition, we perform the variance decomposition for remaining cohort
life expectancy at ages 40 and 80. We do so because the e ect of changes in theath rates on the within-

lifetable variance varies with age: it is positive for early ages (i.e., educing infant mortality decreases
lifespan inequality), but is negative for later ages and zero for the higkst ages |(Van Raalte and Caswell
2013). For the speci cation of Equations (7), (8) and (9) for di erent ages of remaining life expectancy, see
the additional material. Further, we put emphasis on the results for remaining life expectancy at age 40



because it is invariant to changes in early life mortality and concerns arage at which information about the
future lifetime is relevant for the individual when making, for example, economic decisions.

3 Results

3.1 Variance decomposition for remaining life expectancy at age 40

How much of the total individual lifespan variance is due to the variancein the mortality forecasts and how
much is due to the variance in the lifetable lifespan dispersion? Me decomposition of the total variance
allows us to answer this question. Under the scenario of a linear fute without mortality shocks (scenario
A), with the exception of Iceland, the share of the forecast variance at age 4 very low (see Figurq}): The
highest values of approximately 2.5% are observed for cohorts of the 1860s in Stem, Norway, France, and
Denmark.

We can observe reductions in the share of forecast variance to overalfdispan variance over cohorts. For
all countries, the lowest share is observed for the most recent cohartwith less than 0.2%, Iceland excluded.
The decline over cohorts can be explained by the increasing stabi§i of the mortality rates that allows for
better forecasts. As a result, the contribution of forecast variance tothe total lifespan variance decreases.

Iceland is the smallest country in our selection with roughly 390,000 inhaltants in 2025, compared to
several million inhabitants in the other countries. In smaller populations, mortality trends are more volatile
and thus harder to forecast. This is re ected in the much higher shae of forecast variance for Iceland.
Starting around a contribution of 15% for the cohorts of the 1860s, the trend dereases drastically after the
cohort 1979 until the latest cohort of 1980 for which the share of forecast variancés 5.5%.

Figure [l also includes the country-speci ¢ Mean Square Error (MSEwhich is an empirical measure of the
forecast variance and thus, takes the possibility for extreme mortaliy events into account (scenario B). The
comparison of the average MSE across cohorts with the share of the forecast i@nce to the total lifespan
variance from scenario (A) without shocks reveals di erent resultsdepending on country. For Denmark,
England and Wales, France, and Sweden, the MSE is very similar to thelare of forecast variance. For
Norway (MSE = 7%) and the Netherlands (MSE = 6%), the empirical measure & slightly higher than the
share of forecast variance under the scenario with no mortality shocks Regarding Iceland, the empirical
forecast error is similar to the results for the earliest cohorts. Wih decreasing share of forecast variance for
later cohorts, the gap between the two measures increases.

Figure[2 shows the total cohort lifespan variance at age 40 across cohorts (variaa on left axis, standard
deviation on right axis) split up into the two variance components from the variance decomposition under
the linear mortality scenario. The changes in the total lifespan varianceover cohorts are clearly driven by
a reduction in the lifetable lifespan variance. For most of the countres, there is a slight decline in the total
lifespan variance starting with the cohorts of the late 1800s, reaching a leel below 12 years of standard
deviation for cohort 1980. For the cohorts before 1900, the total lifespan variance iuctuating between a
standard deviation of 12 to 15 years, and 12 to 22 years for Iceland. With the eception of Iceland, for which
declines in the forecast variance were responsible for stronger reditions in the total lifespan variance, the
contribution of forecast variance to the change in total lifespan variance $ small.

3.2 Variance decomposition for life expectancy at birth

We also performed the variance decomposition for male lifespan variance dtirth (see Figures[3 and[%).
Compared to the results for age 40, male lifespan variance at birth has a siiair low share of forecast
variance to total lifespan variance. The empirical error measure is syjhtly higher than the forecast variance
component under scenario A without mortality shocks. Iceland has a moe volatile pattern of the forecast
component at a higher level, compared to the other countries, similar & the ndings for age 40. Further,
the empirical forecast uncertainty for France is much higher at 30%.

The total lifespan variance at age zero (see Figur]4) of all countries is on a@gher level and declines across
cohorts starting with the earliest cohorts of the nineteen hundreds This can be attributed to consistent
improvements in early life mortality. The change in total lifespan variance is mainly driven by reductions in
the lifetable lifespan variance.



Figure 1: Share of forecast variance on total cohort lifespan variance at age 40 under a s@eio without
future mortality shocks (dark green) and under a scenario with mortalty shocks (light green) among male
birth cohorts of seven European countries.
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Note: The estimate of the share of forecast variance under th e scenario with mortality shocks is constant across cohorts . It is
based on pooling the forecast errors across all cohorts and s imulations.

3.3 Age pro le of variance decomposition

Figure [§ shows the share of forecast variance for three di erent cohortsor life expectancy at birth, age 40
and age 80 for a future without mortality shocks. In general, the importance of the forecast variance becomes
even less important the shorter the remaining lifespan is. As a cohorages, less of their lifetable needs to be
completed to forecast the remaining life expectancy. We have sedhat the total cohort lifespan variance is
at a lower level for remaining life expectancy at age 40 compared to lifexpectancy at birth. In addition,
the share of forecast variance on the total variance decreases with incréag age for which the remaining
life expectancy is forecast.

4 Discussion

Under the expectation of a future with no extreme volatility in mortal ity, due to, for example, wars or
pandemics, the results of the variance decomposition show that the @rall contribution of forecast variance,
or between-lifetable variance, to the total lifespan variance is low. Thus, if one does not expect crises
that cause mortality shocks, the forecast variance is negligible for theoverall lifespan variance. When
the possibility for extreme mortality is included, as shown by the empirical measure of forecast variance,
uncertain future mortality plays a larger, but in most cases, still minor role.

Lifespan variability di ers by age (Singh and Kim 2021). While lifespan vari ability at birth has decreased
due to declines in infant mortality, lifespan variability at older ages has increased because of improvements
in adult survival (Engelman et al.|2014). Our results show that with increasing age of a cohort, the forecast
variance contributes less to total cohort lifespan variance, due to theshorter forecasts needed to complete



Figure 2: Variance components of total cohort lifespan variance at age 40 among male birth caints in
seven European countries.
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the cohort lifetables.

The small contribution of forecast uncertainty to lifespan uncertainty may come as a surprise. Yet, it
is consistent with the approximate relative magnitudes of both quantties as regularly reported in lifespan
variance calculations and forecast uncertainties.| Caswell| (2023) reports &fetable lifespan variance for
Swedish females in 2007 of around 100 { that is, a standard deviation of 10 years. Awrdingly, forecast
variance around life expectancy at birth would need to be 100 as well in orer to contribute half to the total
lifespan variance. This is equal to a standard deviation of forecast erroof 10 years which results in 95%
Normal prediction intervals with a width of 2*1.96*10=39.2 years. The World Popul ation Prospects (United
Nations, Department of Economic and Social A airs, Population Division| 2024) state a 95% prediction
interval of 100.98-86.30=14.68 years for period life expectancy at birth of Swedh Females in 2100. While
the cohort case diers from the period case, a forecast variance high engh to match the importance of
life table variance in lifespan uncertainty would be much wider thancommonly reported in the demographic
literature.

The life expectancy trajectories of the seven countries analyzed archaracterized by sustained mortality
improvements, resulting in increasing life expectancy and ddiming life span disparity that have changed in
lockstep over time. However, particularly countries in Central and Eastern Europe have exhibited unstable
mortality patterns since the 1960s. In these countries, mortality was maked by patterns that let life
expectancy and lifespan disparity change independently from each otir (Aburto and van Raalte|2018). This
was mainly due to divergent trends of mortality change in di erent age groups (e.g., mortality improvements
at early and old ages alongside rising mortality at mid-ages). This raises thguestion of whether our results
are transferable to such a mortality context. Unstable mortality traje ctories with, for example, stalling life
expectancy and diverging mortality development for di erent age groupswould overall increase the total
lifespan uncertainty an individual has about their age at death. Both the lifetable lifespan variance and the
forecast variance would be increased, compared to a mortality regime whit stable improvements. Especially
when a previously stable mortality period is used as the basis for thdorecasts, the forecast variance would



Figure 3: Share of forecast variance on total cohort lifespan variance at birth under a cenarios without
future mortality shocks (dark green) and under a scenario with mortalty shocks (light green) among male
birth cohorts of seven European countries.
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Note: The estimate of the share of forecast variance under th e scenario with mortality shocks is constant across cohorts . It is
based on pooling the forecast errors across all cohorts and s imulations.

be higher. However, the mortality experience of the cohorts 1901 through 193®&hich informs our forecast
error quanti cation was also marked by non-linearities and disruptions. Still, we have not identi ed a case
where the forecast variance dominates the total lifespan variance eventaf accounting for the possibility of
wars and epidemics.

There are sources of variance that we could not account for in the decompogin of the total cohort
lifespan variance. First, we assume complete homogeneity in the popaiion { that is, everyone is exposed
to the same mortality rates. However, lifespan inequality di ers between several socioeconomic strata,
such as education, ethnicity, and region |(Permanyer et al, 201&; Sasson 2016; Bro et al.[2012). Further,
the true uncertainty an individual has about their lifespan is also in uenced by information that is highly
heterogeneous and not accessible to us. For example, individual medichistories and lifestyle factors play
a role in the overall uncertainty (or certainty) about one's age at death. Hawever, Badolato et al| (2023)
nd that the amount of accuracy gained by including extensive information on the individual's life when
predicting individual lifespan is not substantial. Caswell (2023) shavs that even with extreme levels of
heterogeneity in the population, only a few percent of variance in the éngth of life can be attributed to
inequality between groups. Instead, it is the within-lifetable variance that explains the di erences in the
outcomes, which is in line with our ndings from the variance decomposiion. Similarly, Edwards|(2013)
comes to the conclusion that the forecast uncertainty from Lee-Carter drecasts is small compared to the
lifetable uncertainty when looking at the standard deviation in length of life above age 10 for cohorts.

Another source of variance is the likelihood of extreme events, suchs wars and pandemics. The likelihood
of such events plays a role in the forecast variance component of the vamce decomposition. While we take
these outliers into account via the empirical forecast error, futue research could explore the methodology
of conformal prediction (Duerst and Scheley 2024, Angelopoulos et &|. 2024; Fontanat @l.|2023;|Shafer and



Figure 4: Variance components of total cohort lifespan variance at birth among male birh cohorts in seven
European countries.
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Vovk|2008) to assess this type of forecast variance using the accuracy of tosical forecasts. The extreme
value theory is another methodological branch worth investigating in this matter (Coles et al||2001, for an
introduction). Medford |(2017) argues that their research on forecasting test practice life expectancy using
extreme value theory could provide valuable insights on the likelitbod of life expectancy crises. Similarly, a
stochastic model of extreme value mortality may be used to obtain moregealistic simulations of the forecast
time-varying mortality trend term k; of the Lee-Carter model. |Wang et al. (2011) recommend the use of
heavy-tailed distributions for the residuals of the Lee-Carter mocel and the rst di erence of mortality
indices. This approach accounts for the possibility of extreme outlies as witnessed during, for example,
wars.

5 Conclusion

Forecast variance only contributes a minor share to overall lifespan vaance, under the assumption that
mortality develops without extreme and prolonged period shocks. Likeise, the decline in total lifespan
variance observed over more than 100 years is mostly driven by a change ihe lifetable lifespan variance,
and not by the drop in forecast variance. When allowing for future mortality shocks, the forecast variance still
has a low share to the overall lifespan variance, with the exception dteland and France. Thus, these ndings
generally support the interpretation of lifetable lifespan variability as an indicator of lifespan uncertainty.
To strengthen the case that the lifetable variance is a good proxy forndividual lifespan uncertainty, other
components contributing to an individual's knowledge about their eventual lifespan should be analyzed.



Figure 5:

among selected male birth cohorts.
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Conversion of period-age mortality forecasts into cohort-age for e-
casts

Figure[]] is a visual representation of the conversion of the period-agefecasts into cohort-age forecasts. On
the example of the jump-o year 1901, we extract the forecast mortality ratesfrom the cohort-diagonals for
those cohorts being born, for those turning 40, and for those turning 80 in 1901.

Cohort variance decomposition: Speci cation for di erent ages

We perform the variance decomposition for remaining cohort life expea@ncy at agesx = f0;40;803. We
denote by X the random age at death of a cohort member and with the random vector of age-specic
cohort death rates parameterizing the distribution of X . We employ the stochastic cohort lifetable forecasts
s to decompose the total individual uncertainty about the remaining lifespan. For brevity, we write e, =
E(X XxjX>x; ) for the remaining life expectancy and 2 =Var(X xjX >x; ) for the remaining
lifespan variance at agex of a cohort member under mortality rates . For scenario A), a future without
mortality shocks, we calculate the between-lifetable variance, tht is the forecast variance of the remaining

cohort life expectancies, as
1 X
500 1
S

Var [E(X  xjX>x )= (& ®)% ()

P
where g = ﬁ <&, is the mean remaining cohort life expectancy forecast as averaged ovehd
simulation runs.

The second part of the variance decomposition, the expected cohort lifpan variance, or within-lifetable
variance, is calculated as the mean of the simulated lifespan variances:
E [Var(X xjX>x; )]= 1 X, )
12 =% 500 X

S

For scenario B), a future with mortality shocks, we employ the Mean Square Error (MSE). The MSE is
based on the empirical forecast error that compares the observed remaimy cohort life expectancye)‘itc’f‘?”’eol at
agesx as published by the HMD (cohorts born from 1901 through 1932) with the mean Lee-Caer forecasts
of remaining cohort life expectancye,, . For each regionr we pool the error across all cohorts over the
simulations s, resulting in the Mean Square Error:

s

X
MSE, = 331 : (eglzserved EZ)Z: (3)
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Figure 1: Visual representation of the extraction of cohort-diagonals from period motality forecasts for
the jump-o year 1901.

In uence of parameter variance on forecast variance

The contribution of parameter uncertainty to the share of forecast variance on total lifespan variance is
modest. While the inclusion of parameter uncertainty in all cases icreases the forecast variance, the increase
does not change the interpretation of the results. Parameter uncertaity is most relevant for the small
population of Iceland, where its inclusion changes the forecast contrilition to lifespan variance from around
6 to 10% by 2020. We also assess the sensitivity of our results to the indion of parameter uncertainty for
the non-penalized Lee-Carter and nd that without penalties the covariance matrix has a higher chance of
being ill-conditioned, making sampling impossible for some cohortsWhere parameter sampling was feasible,
the impact on our results was small as well.

See Figurg B for an example illustrating the estimated parameter unagainty. In the penalized Lee-Carter
model the variance of the estimates is concentrated in thé; parameters. The uncertainty about the k; (and
to a lesser degree, and by) then propagates through to the drift and standard deviation of the k; random
walk.

Importance of model speci cation

To test the sensitivity of our results to alternative forecast modd speci cations we t the Lee-Carter model
without penalties as well as the Renshaw-Habermar| (Haberman and Rensh&®009) model which extends the
Lee-Carter model by including an additional cohort term. Cohort life expectancy forecasts were substantially
more erratic and generally higher for the Renshaw-Haberman model compadieto the (Penalized)-Lee-Carter
speci cation. The failure of the Renshaw-Haberman model to converge atll for Iceland indicates the
increased demands for data to identify the added cohort e ects, a demnd that was not met by our 30
year tting period. The penalized and non-penalized versions of theLee-Carter model are mostly consistent
in their forecasts with the penalized speci cation being less proe to erratic changes. As expected, the
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prediction intervals are slightly wider when parameter uncertainty is re ected in the forecast.

The main outcome of our analysis, the contribution of forecast variance to toaél lifespan variance, is
largely consistent between the non-penalized and the penalized Le@arter speci cations with the penalized
version being less prone to sudden changes in trend over cohorts és€igure E). The Renshaw-Haberman
model deviates from the Lee-Carter derived estimates with respédo the pattern over cohorts, but not in
the overall magnitude of the forecast variance contribution { even for the badly speci ed Renshaw-Haberman
model the forecast contribution to lifespan variance remains low, arond 1-2%, with the exception of Iceland.
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Abstract

Background

In the winter of 2022/2023, excess death estimates for Germany indicated a 10%esfation, which has led
to questions about the signi cance of this increase in mortality. Given the inherent errors in demographic
forecasting, the reliability of estimating a 10% deviation is questionatte. This research addresses this issue
by analyzing the error distribution in forecasts of weekly deaths. Byderiving empirical prediction intervals,
we provide a more accurate probabilistic study of weekly expected ahexcess deaths compared to the use
of conventional parametric intervals.

Methods

Using weekly death data from the Short-term Mortality Database (STMF) for 23 countries, we propose
empirical prediction intervals based on the distribution of past out-of-sample forecasting errors for the study
of weekly expected and excess deaths. Instead of relying on the saiility of parametric assumptions or the
magnitude of errors over the tting period, empirical prediction i ntervals re ect the intuitive notion that a
forecast is only as precise as similar forecasts in the past turned out tbe. We compare the probabilistic
calibration of empirical skew-normal prediction intervals with conventional parametric prediction intervals
from a negative binomial GAM in an out-of-sample setting. Further, we usethe empirical prediction intervals
to quantify the probability of detecting 10% excess deaths in a given wek, given pre-pandemic mortality
trends.

Results

The cross-country analysis shows that the empirical skew-normal pmiction intervals are overall better
calibrated than the conventional parametric prediction intervals. Further, the choice of prediction interval
signi cantly a ects the severity of an excess death estimate. The erpirical prediction intervals reveal that
the likelihood of exceeding a 10% threshold of excess deaths varieg beason. Across the 23 countries
studied, nding at least 10% weekly excess deaths in a single week dag summer or winter is not very
unusual under non-pandemic conditions. These results contrast shaly with those derived using a standard
negative binomial GAM.

Conclusion

Our results highlight the importance of well-calibrated prediction intervals that account for the naturally
occurring seasonal uncertainty in mortality forecasting. Empirical prediction intervals provide a better per-
forming solution for estimating forecast uncertainty in the analyses ofexcess deaths compared to conventional
parametric intervals.
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1 Introduction

In the winter 2022/2023 excess death estimates for Germany were hovering @ind 10%. Back then, the
authors have been contacted by journalists inquiring about the signi cance of the elevated mortality. Given
that statistical estimation always comes with errors attached, can one egn reliably estimate a 10% deviation
from the norm? In this paper we aim to answer this question via the car&l analysis of the error distribution
in forecasts of weekly deaths and the seasonality of uctuations in weeld death counts. Derived from the
distribution of errors we propose empirical prediction intervals for the probabilistic study of weekly expected
and excess deaths and demonstrate the superior coverage and generalitytbése intervals compared with
conventional parametric intervals. We employ these empirical predttion intervals to quantify, for a range
of countries, the probability of observing at least 10% excess deaths in given week, given the continuation
of mortality trends observed prior to the COVID-19 pandemic. Using these p-values we can assess, on a
per-country basis, how unusual a 10% mortality increase over the exm#ation is and whether it should be
cause for concern.

Mortality forecasts on a sub-annual timescale have gained relevance asethasis for excess deaths calcu-
lations during the COVID-19 pandemic (e.g.,|Kontis et al|[2020;| Karlinsky and Kobak! [2021;|Aburto et al.
2021). Framed as a forecasting problem, one aims to predict the weekly dda which would have happened
without COVID-19 by forecasting deaths over the pandemic period basé on pre-pandemic trends. Those
forecast "expected deaths\ are associated with an error which can be expssed as a "prediction interval\
within which the true expected deaths are to be found with a given pobability. It is well known that pre-
diction intervals around forecast values tend to be too narrow (e.g., @at eld 1993| 1995). In the context of
COVID-19 excess death modeling, this phenomenon may lead to wrong colusions regarding the impact of
the pandemic on population mortality, by giving an overly optimistic pi cture on how precise one can actually
forecasts counterfactual weekly expected deaths deaths more than the years since the onset COVID-19.
Precisely, given the time passed since the beginning of the pandéoy we expect the uncertainty of forecast
expected deaths to have increased. Thus, one might (or should) ask wether we can still, in fall of 2022,
reliably detect an, e.g., 10% increase in excess deaths or whether itsappears into the uncertainty of the
expected deaths forecasts.

To answer this question, we need reliable measures of forecast untanty. It is common practice in de-
mographic forecasting to use parametric prediction intervals, deried from the model structure, such as the
random walk over the mortality index of a Lee-Carter model (Lee and Carte({1992), or the Poisson/Negative-
Binomial variation around weekly death counts (Aburto et al.|2021);|Msemburi & al.|2023). However, of the
various sources of error that can contribute to the overall forecast unceainty (see [Keilman|199Q, for an
overview), these parametric prediction intervals do not re ect errors from the out-of-sample generalization of
the model or inaccurate model speci cation. This is particularly problematic as the out-of-sample general-
ization error is the most common type of forecast error [(Keilman 1990). Theréore, the parametric intervals
only work if the model is correctly speci ed and the data generation piocess does not change over time. As
a result, parametric intervals tend to be too narrow.

Empirical prediction intervals, instead of relying on correct parameric speci cations, estimate the distri-
bution of error around a forecast value from actual past, out-of-sample forecamg errors. The idea is simple:
The error distribution for future forecasts will be similar to the error distribution of past forecasts. Thus,
one seeks to estimate the full distribution of forecast error indexd over all desired forecasting strata and
time points. In order to do so, a statistical model is tted to known out-of-sample forecasting errors. This
error distribution can then be used to construct empirical predidion intervals around the central forecast.

Research on empirical prediction intervals has been ongoing for at leastatf a century (Willlams and
Goodmarj|1971). The 1980s saw active demographic research on empirical intersand the authors generally
found that the intervals based on past errors had better coverage than moel-based intervals (e.g., Stoto
1983;| Coher 1986; Smith and Sinci¢h 1988). Subsequent research used the udeel analysis of forecasting
errors to calibrate prediction intervals for demographic forecasts. A ammary of methodological advances
(e.g.,/[Keilman|1990, 2001; Lee and Scholtes 2014) and demonstrations of the applicationtbe method can
also be found in more recent demographic literature (e.g!, Keilman et gl2002;| Keilman and Pham 2004},a;
Rayer et al}[2009).

In the machine learning literature, there is growing interest in "distribution free uncertainty quanti ca-
tion\, given that popular techniques do not provide an intrinsic estimate of uncertainty. The community



has build a theory on empirical prediction intervals under the term "conformal prediction\. Here too, the
idea is to look at the distribution of historical error measures to asses how likely any given future deviation
from the central prediction would be (Shafer and Vovk| 2008).

In this paper, we demonstrate the construction of empirical predicton intervals for short-term mortality
forecasts. We validate these intervals against parametric approaches andterpret the results in the context
of COVID-19 excess death estimation across 23 European countries. Furg, we compare the calibration of
the empirical prediction intervals with a conventional model of parametric prediction intervals. The data on
weekly deaths for these countries are sourced from the Short-term Mtality Fluctuations Database (STMF,
Jdanov et al)|20221). Finally, we determine whether we can reliably detet a 10% increase in excess deaths
in the fall of 2022, given the empirical uncertainty around the expected @aths forecasts.

2 Data and Methods
2.1 Data

We sourced data on weekly deaths from the Short-Term Mortality Fluctuations Database (STMF,|Nemeth
et al.[2021). The STMF is part of the Human Mortality Database (HMD, Max Planck Ins titute for Demo-
graphic Research, University of California, Berkeley, and French Instute for Demographic Studies|2023) and
was established in response to the COVID-19 pandemic and the "increasy importance of short-term or sea-
sonal mortality uctuations that are driven by temporary hazards such as in uenza epidemics, temperature
extremes, as well as man-made or natural disasters' (Jdanov et al. 2021). ThR8 TMF provides open-access
data on mortality by week, sex, and aggregated age group for 38 countries that foll® the HMD's criteria
of high data quality. Information on the data quality, sources, and completeness for each individual country
can be found in the metadata le (Short-Term Mortality Fluctuations dat a serieg 2024). In general, STMF
data for all countries is characterized by high quality, timely registration and completeness. The mortality
counts are neither adjusted for e.g., under-reporting, nor are they smothed (Jdanov et al||2021). We use
weekly death counts for 23 of the available countries. Because the datavailability across time varies by
country, we selected countries whose rst observed data entry isdr the year 2000 or before. These long time
series are needed to robustly estimate the empirical error disthution, because the data is cut into several
cross-validation series, which will be described in detail in ths section.

We split the data for each country into three di erent types of data series (see Figurd]l). We use these
data series for di erent parts of our analysis. The rst ve data series are the calibration series. Using
these, we calibrate the empirical prediction intervals. The follaving two series are used for the validation of
the derived empirical prediction intervals. The forecast periodof the last data series spans over the time of
the COVID-19 pandemic and is the application series. Using the applicabn series, we answer our research
guestion on detecting an increase in excess deaths given the uncairity of the forecasts of expected deaths.

Starting from the last observed week, we split the data into eight patially overlapping series of 365 weeks
(7 years). Each series is divided into a training period (blue) 0f261 weeks (5 years), and a forecast period
(pink) of 104 weeks (2 years) (see Figurf]1 for Germany and Tablg 2 for thetarting and end dates of the
data series).

2.2 Steps of Analysis

The methodology of our analysis is structured into several steps. Wi the rst four steps, we obtain and
calibrate the empirical prediction intervals, and parametric prediction intervals for comparison. For this, we
use the calibration data series. During step ve, we assess the céliation of the prediction intervals using
the validation data series. Following these steps, we are able to angw our research question regarding the
application of empirical prediction intervals to the COVID-19 pandemic.

| Modeling and Forecasting Expected Deaths First, we model and forecast the expected deaths.
These are the deaths that would have occurred if a speci c event,dr example, the COVID-19 pandemic,
did not happen. In line with the WHO approach (Weinberger et al.|2020), we foecast expected deathg/®



Figure 1: Data-splitting setup. 22 years of weekly death counts have been splinto 8 overlapping data

series. Each series features 5 years of training data and 2 years of tadta. The empirical forecasting error
is estimated from the test set of the calibration series, validated on he test set of the validation series and
applied to the test set of the application series.

at time T + h using an overdispersed count regression,
$ren =exp( + nh+ sy (wlh]); @

whereT is the last time-point in the training data and h is the number of weeks into the forecasting horizon,

nh captures the long term trend of deaths, ands,, (w [h]) is a cyclical penalized spline over the week of the
year to re ect the seasonality of death counts. The model is tted to the training periods of the data series
and predictions are made over the testing periods. Note that empirial prediction intervals can be derived
for any other model for excess deaths. For simplicity of exposition, welid not include further re nements
like population o sets, temperature e ects, or auto-correlated errors into the model. We assume the weekly
deaths under the expected scenario to be distributed as

YE ., NegBinomial(%%, ,; ): ¥

Il Deriving the Forecast Error In a second step, we quantify the forecasting error at timeT + h as the
logged ratio between observed and expected deaths over the test ped:
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We choose the log-ratio as the error scoring function because it redusehe scale dependence and asym-
metry of the distribution of errors, in turn making it easier to mode | the observed error distribution.

Il Modeling the Forecast Error Third, we model the time-varying distribution of the observed fore-
casting error over the forecasting horizon,Ur . 1,, via a skew-normal distribution with a location parameter
, and time-varying scaling and skewness parameters, and :

Ur+n SkewNormal(; n; n): 4)

As the observed log-errors are positively skewed, the skew-normal digution allows for more accurate
modeling of the error distribution over time, compared to a normal distribution.
We model the scaling parameter as

nh=exp( +s (wh) ®)

where s (w[h]) is a smooth function of calendar week, capturing the annual seasonalitof the error
dispersion. In the context of expected deaths modeling, this seasatity is pronounced due to the challenges
in predicting the severity of u-waves during winter. While w e would expect the error variance to increase
with increasing forecasting horizon as well, we found that e ect to benegligible over the duration of 100
weeks and did not include it here. The skewness;, is modeled equivalently via,

h= +s (wh]); (6)
and the mean error is captured in the constant

= o @)

IV Deriving Prediction Intervals Once estimates for ,,  and p are found, in the fourth step, we

derive the distribution of expected deaths from the quantiles of the error distribution. The p quantile of the

distribution of expected/forecasted deathsYF, ,, can be derived from the corresponding quantile of the error
distribution via

Que,, ()= oxp(Fy, (P) 9Fon: ®

where Ifuih is the estimated distribution function of the forecasting error. Intuitively, if we estimat
that 95% of the errors in our forecast for a given week do not exceed 1.5 timeke central forecast, then the
corresponding 95% prediction interval around the expected deaths is %.times the central forecast for that
week, likewise for other quantiles.

For comparative validation, we also derive prediction intervals from a regative-binomial generalized
additive model (GAM). The negative-binomial GAM prediction interval s are commonly used for count data
(see Olive et al. 2021, for examples). Additionally, we calculate the raw gantiles of the forecast error
distribution as a second empirical model of the forecast error.

V Assessing Calibration of Empirical Prediction Intervals In the nal step, we assess the calibration
of the empirical and parametric prediction intervals using two di e rent calibration metrics: the coverage,
and the mean interval score.

The coverage measures the fraction of observations that are within the bauds of the prediction interval.
Ideally, nominal coverage and observed coverage are the same, for examme95% prediction interval should,
over the course of many forecasts, cover 95% of realized values. For a cotlen of prediction intervals (l;; u;)
and associated observationy; the coverage can be calculated as
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wherel; and u; are the ; and 1 5 quantiles,i = 1;:::;N is an index over all forecast data points, and
1() is the indicator function.

The mean interval score as proposed by Gneiting and Raftery (2007) is an exang of a proper scoring
rule and as such has optimal properties for assessing the quality of distridional and, speci cally, interval
forecasts. In the literature on COVID related prediction models the interval score has seen intensive use
(Brooks et al. 2020; Bracher et al. 2021a,b; Sherratt et al. 2023), and is one of the evaition measures of
the COVID-19 Forecasting Hub Project (Cramer et al. 2021).

The mean interval score balances the two requirements of coverage antiagpness, rewarding narrower
prediction intervals but penalizing deviations from the nominal coverage. Among two alternative prediction
intervals with equal coverage, the interval which on average is narroer will yield the lower, that is, better,
mean interval score. This balancing property is very valuable in the galuation of prediction interval around
forecasts of weekly deaths, because the variance of the error varies withe season. Thus, it is possible to
have prediction intervals which have perfect coverage over the tole year but are too narrow in winter and
too wide in spring. The mean interval score instead rewards predigon intervals that are narrow where they
can be, and wide where they must be. The score is de ned as follows:

Coverage =

u o L)+ g(|. yi) for vy <I;

S. |';U'; ) = (I i i i i i : 10

(i) (ui 1)+ 2@y w) for yi>u; (10)
We then average the interval scores over all forecasts in the validatio series across all countries. Follow-

ing a suggestion by Bosse et al. (2023), we calculate the interval scores oveg-transformed observations

and prediction intervals as otherwise the mean interval score would belominated by countries with large

population numbers.

3 Results

3.1 Method demonstration for Germany

In the following, we will showcase the application of the empirical pediction interval methodology for
Germany. The results of the cross-country analyses will be preseat in the following sections.

Following steps | to 11l of our methodology, Figure 2 shows the distrbution of the weekly observed forecast
errors in the data series used for calibration, along with modelled fagcast error distributions resulting from
three di erent models. Panel (a) shows the observed forecast errarcontrasted against the 95% error interval
derived from the negative binomial variation, a common parametric specication in excess death modelling
(Aburto et al. 2021; Msemburi et al. 2023). Panels (b) and (c) show two types ofpost-hoc (empirical)
estimates of the forecast error distribution: the skew-normal error nodel (b) and the raw quantiles of the
empirical error distribution (c).

As expected, the observed errors (pink) are positively skewed wiit a strong seasonal pattern. Both the
skewness and the seasonality in the distribution of forecasting erra:; with elevated errors in winter (weeks 0-
12, 49-66, and 95-104) and, to a lesser extend, in summer (weeks 20-30 and 75-85), are @.the irregularities
in the annual occurrence of u-epidemics and heat-waves. This seasal shift in the variance of forecasting
error is well re ected by the skew-normal model (b) and the empirical quantiles (c). In contrast, the often
used negative binomial speci cation with xed overdispersion implies a constant forecasting error (a). Figure
5 in the Appendix shows the forecast error distribution modelled with the skew-normal distribution for all
23 countries.

As speci ed in step IV, we derive empirical prediction intervals around the central forecasts of expected
deaths from the estimated distribution of forecasting error. For the negative binomial model, we simply report
the parametric prediction intervals. Figure 3 contrasts the three approaches in the context of the German
COVID-19 pandemic, showing observed and expected weekly deathsnsie January 2020 along with 95%
prediction intervals. The di erence between the empirical and parametric prediction intervals is especially
notable during winter, when excess deaths seem far more unusual uednegative binominal intervals than



under the seasonally widened empirical intervals. The predictiorintervals derived from the raw quantiles of
the error distribution are not as smooth as the skew-normal modeled epors. Figure 6 shows the empirical
skew-normal prediction intervals along with observed and forecast wddy deaths over the application data
series for all 23 countries.

Figure 2: Distribution of the observed forecast errors in the calibration data seies (pink, test periods from
2006 to 2016), with modelled forecast error distributions, on the example oGermany.

Figure 3: Negative binomial prediction intervals (a) and empirical prediction intervals (b) applied to the
application (COVID-19) data series (test periods from 2020 to 2021), on the exaple of Germany.



3.2 Cross-country evaluation of forecast calibration

Table 1 shows calibration metrics for the three di erent prediction interval types as calculated from the
validation series. We report the coverage and the mean interval score aggyated across all 23 countries,
annually and by season, for a nominal coverage of 95%.

All three types of prediction intervals tend to be too narrow, although close to the nominal coverage. On
an annual basis, the negative binomial 95% prediction intervals (PIs) peform best with an actual coverage
of 93%, closely followed by the empirical skew-normal Pls with 91%. Howear, looking at the performance
over di erent seasons, the empirical skew-normal Pls achieve be#r actual coverage in winter and autumn
than the parametric Pls, as the latter are too wide in autumn (99% actual coverage) and too nharrow in
winter (85% actual coverage). These peculiarities are hidden when oplthe calibration for the whole year is
considered.

These ndings are also supported by the mean interval scores. The enifical skew-normal Pls are
better calibrated than the negative binomial Pls overall, and in all sea®ns except summer. This indicates
an overall better probabilistic calibration of the empirical skew-normal Pls compared to the conventional
negative binomial Pls.

The prediction interval derived from the raw quantiles of the forecast error distribution perform compar-
atively poorly which may be due to over- tting. Thus, further re sults in the paper will be shown without
the inclusion of the raw-quantile method.

Table 1: Calibration metrics for nominal 95% prediction intervals by season and tyge of interval. The
metrics have been calculated on the test periods of the validation dat (2016-2018), i.e. on data not seen
either during training or calibration, and aggregated over 23 countries.

Coverage
Annual Dec{Feb Mar-May  Jun{Aug Sep{Nov
Negative Bin. Pls  0.93 (1) 0.85 (3) 091 (1) 0.95(1) 0.99 (3)
Empirical SN Pls 0.91 (2) 0.89 (1) 0.89 (2) 0.91 (2) 0.94 (1)
Empirical RQ PIs  0.86 (3) 0.86 (2) 0.82 (3) 0.86 (3) 0.91 (2)

Mean Interval Score

Negative Bin. Pls  0.365 (2)  0.553 (3) 0.376 (2) 0.287 (1) 0.248 (2)
Empirical SN Pls  0.346 (1) 0.467 (1) 0.369 (1) 0310 (2)  0.241 (1)
Empirical RQ Pls  0.398 (3) 0534 (2) 0.437 (3)  0.363 (3) 0.260 (3)

Note: bold font highlights best/same performance among types of predictiorintervals
Data Source: Short-term Mortality Fluctuations (STMF) data series, own calculations

3.3 Probability of 10% excess death under pre-pandemic mortality

The choice of prediction interval is crucial for evaluating the signi cance of a given excess death estimate. How
unusual is a nding of 10% weekly excess deaths in a given country and ason, given non-pandemic mortality
conditions? Figure 4 answers this question for each of the 23 chosen couess under two di erent prediction
intervals: the seasonally adjusted empirical intervals based on pasforecast errors and the commonly used
negative binomial intervals with time-constant overdispersion. Uncer the hypothesis that past, non-pandemic
mortality trends continue, the graph shows the probability (p-value) for excess deaths in a given week to
exceed 10%.

If a standard negative binomial GAM was chosen to derive the prediction mntervals, a researcher would
hold the belief that exceeding 10% excess deaths would be just as Iligen spring as in winter (Figure 4, blue
line). The empirical prediction intervals (pink line) shows that this is not the case and that the likelihood
of exceeding the 10% threshold varies by season. A case in point is Franosith a peak 20% probability
of seeing at least 10% excess deaths for a winter week and a p-value approaghzero during spring. In
all countries, there are periods when the p-value exceeds the lelof 0.05, yet, there are di erences in the



seasonal patterns. For most of the countries, the probability of observig 10% excess or more is elevated
during the winter and also for the summer weeks (e.g. Austria, Hungary,Portugal, Belgium, Poland,
Spain). In contrast, in Norway, Sweden, and Finland, we only see a wirgr and no summer elevation of
the p-value. Further, for Croatia and Bulgaria, the p-value is higher in summer than in winter. Therefore,
across all of the 23 countries, we nd periods when 10% weekly excessatles are not unusual under normal
mortality conditions. This is especially true for smaller populations (e.g., Scotland, Latvia, Luxembourg)
where sampling uctuations in death counts regularly produce exces death estimates above 10%, even under
normal mortality conditions. In a complementary nding, for Austria, Fran ce, Germany, Poland, Spain, and
Sweden, the empirical prediction intervals predict a 10% excess-palue close to zero for parts of spring and
summer, indicating that 10% excess deaths are not unusual in winter, lt unusual in spring or summer.

The question about how unusual a given level of weekly excess deaths, ican be inverted: Under pre-
pandemic mortality, what level of weekly excess deaths is needed gbat they fall outside, for example, a
95% prediction interval and thus, be signi cant? To answer this queston, we evaluated the expected deaths
distribution at the 95% prediction interval and derived the implied excess deaths by country (Figure 7 in the
Appendix). If negative binomial GAM prediction intervals are applied, for most countries, a level of 8-12%
of excess deaths would be needed so that they fall outside of the 95% pretion interval. This level of excess
deaths remains constant throughout the year. However, the use of the enifical prediction intervals reveals
the seasonality of the uncertainty and that a level of excess deaths of ufp 16% (and even more for smaller
regions such as Scotland and Luxembourg) is needed to keep the excessttie from being hidden by the
uncertainty in the expected deaths forecasts.

4 Discussion

Forecasts of weekly deaths have grown in importance since the onset die¢ COVID-19 pandemic and the
need for estimating excess deaths. These forecasts of expected deahave an error that is probabilistically
expressed as a prediction interval. Usually, these prediction irgrvals are model based parametric derivations.
However, they tend to be too narrow, giving a too optimistic outlook on the precision with which one can
estimate excess deaths during an ongoing pandemic. In this paper, wegpose the use of empirical prediction
intervals for the study of weekly expected and excess deaths and shothe superior calibration of these
intervals compared to parametric intervals. Further, we demonstrate the application of empirical prediction
intervals to the COVID-19 pandemic, answering the question whethe a 10% increase in excess deaths can
be detected or whether it disappears into the uncertainty of the eyected deaths forecasts.

Empirical prediction intervals are based on modeling the distribuion of the forecast errors from past
out-of-sample forecast errors. We use a skew-normal distribution wit a time varying seasonality parameter
to model the forecast errors for weekly deaths, accounting for the posve skewness and seasonality of
errors. For the validation analysis, we compare the empirical predictdn intervals with parametric prediction
intervals obtained from a negative binomial GAM, using two measures of cabration: the coverage and the
mean interval score. We obtain weekly mortality data from the Short-Term Mortality Database (STMF,
Jdanov et al. 2021) for 23 countries. We showcase the calculation of empiricglrediction intervals for these
countries, perform the validation analyses, and apply the di erent intervals to excess deaths in the COVID-19
pandemic.

We showed that our model for the empirical prediction intervals is able to capture the seasonality in
weekly deaths and the positive skewness due to the varying inteal width over the year. In contrast, the
negative binomial prediction intervals have a constant width throughout the year, resulting in excessively
wide intervals in fall and excessively narrow intervals in winter. Further, our validation analysis demonstrated
that the empirical prediction intervals are better calibrated than t he negative binomial prediction intervals.
This is re ected in the mean interval score that is, on average, bette for the empirical prediction intervals.
Both types of intervals exhibit good coverage that is, on average, slighy short of the nominal 95%.

Regarding the application question, using negative binomial predictdbn intervals would give the result
that a 10% increase in excess deaths would be detectable in fall of 2022. Howeythe empirical prediction
intervals show that this is not the case during the whole year. Regardig the example of Germany, in winter
a single week with 10% increase in excess deaths would disappear intioet uncertainty of the forecasts of
expected deaths. We found similar results for the other countriesri our sample: there are periods throughout



Figure 4: P-value for 10% excess deaths derived from empirical prediction inteals and negative binomial
prediction intervals for 23 European countries.



the year in which a 10% increase in weekly excess deaths can not be ablly predicted for every country.
These periods di er between the countries.

The dierence in forecast error seasonality between countries may & connected to di erences in the
prevalent climate. Future research could further investigate this relationship between the climate of a
country of interest and the seasonal patterns of uncertainty in mortality forecasting. Both the general
e ects of the climate and its variability from year to year are likely to shape the uncertainty in the expected
deaths forecasts. A region's climate in uences population health outcoras, for example, via heat-related
stress. However, heatwaves are di cult to predict and usually not included in mortality forecast models,
contributing to increased uncertainty in mortality forecasts for th e summer months. In colder or more
moderate climates, the uncertainty stems from the unpredictabilty of the u season severity, which can vary
signi cantly from year to year, increasing uncertainty during the winter months. Regarding the study of
excess deaths due to COVID-19, our results highlight the importance of @il calibrated prediction intervals
that also address the naturally occurring seasonal uncertainty that cones with mortality forecasting.

Weeks are the common time frame for tracking the mortality during the COVID-19 pandemic, because,
unlike days, they are less sensitive to reporting delays that caur on weekends and holidays, while maintaining
the timeliness of the mortality monitoring. If the time frame of the anal yzed death counts was changed from
one week to one month or even one year, the error distribution around thexpected deaths would change as
well. Determining the exact level of excess deaths needed in ond® be detectable for longer time periods,
is a topic for future research.

The application of empirical prediction intervals to any measure, in ou case excess deaths, is based on
the underlying assumption that the forecasting errors observed in lhe past resemble the forecasting errors
in the future. One might ask whether this assumption is valid. Howe\er, as Alho et al. argue, "[...] if one
does not believe that they will be, it is necessary to provide argurants as to why the future is expected to
be di erent from the past" (Alho et al. 2008, p. 42). The counterfactual assumption that future forecasting
errors will be fundamentally di erent from past errors is the more complicated one. Our assumption is the
more conservative option, which is necessary to allow us to use emal prediction intervals as a measure
of forecast uncertainty.

Our ndings are broadly generalizable in the sense that the proposed métodology is easily implemented,
as long as there are su ciently long data series to perform the data sptting into calibration, validation, and
application data sets. Further, we are con dent that the empirical pr ediction intervals will outperform other
types of prediction intervals for the analysis of excess deaths due ttheir ability to capture the seasonality
in the uncertainty of the expected deaths forecasts, regardless of ¢hcountry under study. However, due to
the di erent seasonal patterns found for di erent countries, our nd ings regarding the likelihood of detecting
excess deaths in a given week of the year are speci c to the countried our analysis.

Regarding applications of the proposed methodology, a real-time implemeation of empirical prediction
intervals for monitoring excess deaths would o er a chance to judge thé'unusualness" of registered death
counts. On the one hand, this would help to monitor excess deaths dung a pandemic, compared to pre-
pandemic mortality, and would help researchers, decision makers, antthe public to assess the severity of the
pandemic and to act accordingly. Empirical prediction intervals can beused, especially later in a pandemic,
when counterfactual analyses become less sensible because too mticie has passed. On the other hand, a
real-time implementation could serve as an early indicator of public halth crises due to pandemics or other
environmental causes. Further, the methodology of empirical predition intervals can increase understanding
when communicating research results on excess deaths to the publiThis is due to the intuitive notion that
future forecast errors re ect past errors. Obviously, data on an ongoing pndemic is of great public interest.
Therefore, it is important that researchers communicate their ndings in a way that is easily understood
not only by other researchers, but also by the public. In the case of eess deaths and the uncertainty
surrounding them, we would recommend the use of con dence bands toisually convey uncertainty, rather
than relying on p-values, for example. Further, the comparison with mst observed uctuations in death
counts could help to contextualize and assess the severeness of @ntrexcess deaths.

Empirical prediction intervals are generally applicable. Not only can they capture di erent patterns of
seasonality in deaths (e.g., high winter uncertainty and low summer mcertainty and vice versa). They can be
applied to all models of excess deaths and other methods of forecastinfpr example, forecasts using expert
opinions, as they only derive from observable data and not from unobservablmodel parameters. As long as
the forecasts can be validated over a long time, empirical predictiorintervals can be used. Therefore, they
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are not limited to mortality forecasting, either. Using adapted speci cations to model the forecast error, they
can be applied to, for example, fertility forecasts. Thus, research ancerned with demographic forecasting
in general can prot from the use of empirical prediction intervals. We invite researchers to use empirical
prediction intervals for their forecasting problems and showcase th possibilities of their application.
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Appendix

Table 2: Structure of data used for analyses.

Data Category Start Date of Start Date of End Date of

Series Training Period Testing Period Testing Period

1 Calibration 22.01.2001 23.01.2006 14.01.2008
2 Calibration 20.01.2003 21.01.2008 11.01.2010
3 Calibration 17.01.2005 18.01.2010 09.01.2012
4 Calibration 15.01.2007 16.01.2012 06.01.2014
5 Calibration 12.01.2009 13.01.2014 04.01.2016
6 Validation 10.01.2011 11.01.2016 01.01.2018
7 Validation 07.01.2013 08.01.2018 30.12.2019
8 Application 05.01.2015 06.01.2020 17.12.2021
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Figure 5: Distribution of the forecast error for weekly death counts as estimatedfrom the calibration data
series (test periods from 2006 to 2016) across 23 European countries.

14



Figure 6: Empirical prediction intervals (95%) applied to the COVID-19 applicat ion data series (test
periods from 2020 to 2021) across 23 European countries.
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Figure 7: Percentage of excess deaths at the 95% prediction interval of expectecedths derived from the
calibration data series (test periods from 2006 to 2016) for 23 European Countes.
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Abstract

In probabilistic forecasting, the key to reasonable results is good c#dration of the forecast uncertainty.
Analysing forecast errors o ers an empirical solution for the calibration of such forecasts. We propose a
novel quantile-mapping approach whereby we map non-calibrated forecapaths to a calibrated distribution
derived from historical out-of-sample forecast errors. We present mbabilistic forecasts of the Finnish Total
Fertility Rate (TFR) from 2024 to 2070 calibrated on the historically observed distribution of forecast
errors. We source the data from the Human Fertility Database. The forecats come from two scenario-based
models. The postponement time series model assumes that fertifi postponement will gradually decline and
eventually stop. The second model is a naive freeze-rates approach forecasting fertility. The validation
shows that our TFR forecasts calibrated on historical data outperform the non-calibrated TFR forecasts in
the Continuous Ranked Probability Score and interval score metrics. he results demonstrate the e cacy
of empirical error quanti cation and quantile-mapping in calibrating p robabilistic demographic forecasts.
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1 Introduction

Demographic forecasting involves predicting future population trerds based on factors such as birth rates,
death rates, migration patterns, and aging. These forecasts are essentiabrf governments, businesses, and
policymakers to plan for future resource needs, including infrasucture, healthcare, and social services.
However, demographic forecasting is subject to uncertainties duestunpredictable changes in behavior, policy,
and environmental factors. Forecast uncertainty arises from variability in data inputs, model assumptions,
and external events such as pandemics or economic crises. Managing thiacertainty and expressing it in
the forecasts is essential to providing a comprehensive view of iure demographic outcomes.

In the 1960s and early 1970s, Finland, and other Nordic countries, have expenieed a sharp decline in
fertility. After a period of recovery in the 1980s, followed by relatively stable period fertility in the 1990s
and 2000s, Finland's Total Fertility Rate (TFR) fell again in the 2010s and reacheal a historical low of 1.26
in 2023 (Statistics Finland 2024a). Starting in the 1970s, fertility postponenent, the delay of childbearing
to older ages, has depressed fertility levels. However, the strondecrease in TFR in the recent decade is not
only due to further acceleration of fertility postponement. Instead, the decrease in Finnish period fertility
likely is a quantum e ect (Hellstrand et al. 2020). This was not foreseen ly demographic theories, making
the future of Finnish fertility particularly interesting yet h ighly challenging to predict.

In light of yet another uctuation in the trend of Finnish fertility, it is important to capture and convey the
uncertainty that comes with forecasting Finland's fertility. Pr obabilistic forecasts, in contrast to deterministic
point-forecasts, o er a solution to this problem. This type of forecast assigns a probability to each possible
outcome and therefore allows one to distinguish between likely and éseme scenarios and to plan accordingly
(see e.g. Lee 1998; Keilman 2018). However, probabilistic forecasts are only oku§they are well calibrated.
Good calibration means that the forecasted probabilities of an outcome are ansistent with the observed
relative frequencies of that outcome, or put di erently, forecasted rare events occur rarely and forecasted
typical events occur regularly. Further, because of the highly uduating nature of the Finnish period
fertility in the past, forecast models that extrapolate observed trends into the future are unlikely to provide
reasonable results, as they are unable to predict trend changes. Thefore, we propose the use of scenario-
based approaches that can take into account the changing nature of the fefity development.

We present probabilistic forecasts of Finland's TFR from 2024 to 2070 from tv scenario-based forecast
models. The rst model, based on Nien et al. (2020), is the PostponemenTime Series Model (PPS). The
PPS model operates under the assumption that the trend of delaying hildbirth to later ages, known as
fertility postponement, will continue but at a decreasing pace, util it eventually stops. Hence, the increase
in the average age of childbirth slows down and stabilizes. As childibih is postponed, the TFR temporarily
decreases because children are born later during the life course.h&refore, the fertility is lower, compared
to a scenario in which childbirth is not delayed. When fertility postponement slows down, fertility increases.
To mitigate the delay's impact on period fertility measures, we us the tempo-adjusted TFR. This adjusted
rate is an estimate of what the TFR would be if the timing of childbearing did not change (Bongaarts and
Feeney 1998). The PPS model assumes that the TFR and the tempo-adjustieTFR will converge due to the
assumed slowing and stopping of fertility postponement by 2050.

We use a second model as a nasve baseline to compare the results fréhe PPS model to. The freeze-rates
model operates under the assumption that the recent decrease in TFRs not a result of delayed childbirth,
meaning that fertility has declined without postponement of births by the population. While this hypothesis
is theoretically feasible, considering demographic data, it seems iptobable. The second assumption is that
this fertility decline will come to a halt, and age-speci c fertil ity rates will stay at the levels observed in the
last recorded year, 2023. This freeze-rates approach is commonly used as &iféy scenario in population
projections published by statistical o ces and in other research (eg., Institut national de la statistique et
desetudeseconomiques 2008; Statistics Sweden 2024; United Nations, Deparent of Economic and Social
A airs, Population Division 2024; Statistics Finland 2024b; Zeman 2024; Nien et al. 2020; Wilke 2018).

To ensure a good calibration of the probabilistic forecasts, we use an guirical approach which originated
from the analysis of errors of demographic forecasts (Williams and Goodman 197 Stoto 1983; Cohen 1986;
Smith and Sincich 1988; Alho and Spencer 2005; Alho et al. 2008). Notably, Keilman and lam (2004)
constructed empirical prediction intervals around forecasts of Nordicfertility, deriving the intervals from the
standard deviation of errors of historical forecasts published by statitical agencies. After comparing the
width of the prediction intervals with those from time series modds, the authors concluded that empirical



forecast errors provide useful information when constructing preéttion intervals for TFR forecasts. However,
they noted that their empirical errors might not be normally distribu ted and \one has to be cautious" when
using them.

In the eld of machine learning, the methodology is known under the tem conformal prediction (CP,
Shafer and Vovk 2008; Fontana et al. 2023) and is used to construct probabilistidorecasts calibrated on
out-of-sample errors. Since its introduction in Gammerman et al. (1998) util today, there have been strong
methodological advances in this eld, resulting in a variety of CP methods for di erent applications including,
in more recent publications, time series forecasting (Fontana et al2023; Angelopoulos et al. 2024). From this
variety of methods, we focus on the split-conformal prediction or indictive conformal prediction, in which
prediction intervals are estimated from a hold-out data set (Papadopoulost al. 2007), and demonstrate it in
the context of scenario-based forecasts parameterized by expert opomn. In climate modeling, calibration of
predictions using historical data is widely done under the term qantile-mapping as a form of bias-correction
of forecast distributions (Cannon 2018; Qian and Chang 2021).

The existing methodology provides probabilistic forecasts calibragd on historical data in the form of
prediction intervals, meaning lower and upper bounds in which theforecast outcome will lie with a given
probability, e.g. 95%. However, so far, research has not provided soluins for forecast outcomes in the form
of calibrated time series trajectories that correspond to these bouds. Simulated trajectories of demographic
outcomes are needed as input for down-stream modeling, e.g. for the melihg of determinants of social
security systems. Therefore, we propose a exible methodology to dhin forecasts of demographic measures
in the form of simulated trajectories that have been calibrated on hisorical data. We provide forecasts of
the Finnish TFR from 2024 to 2070 from the PPS model and the nawe baselie model that are designed
to be transparent, probabilistic, well calibrated, and easy to integrate into further probabilistic modeling
downstream. We build on the prevailing research, by proposing to comine existing approaches of empirical
forecast calibration. First, we use the idea of learning a smoothed,ine-varying distribution of historical
forecast errors, as described in the \scorecaster" approach by Angelopoulat al. (2024). Second, we com-
bine this approach with the technique of quantile-mapping (Cannon 2018) m order to calibrate stochastic
forecasting paths to a distribution of empirical forecast errors, raher than just providing calibrated upper
and lower bounds of prediction intervals around a point-forecast.

2 Methods and data

Figure 1 outlines our methodological approach. Figure 1.1: Although our countryof interest is Finland and
the nal forecast output is the Finnish TFR from 2024 through 2070, we use data fom Finland, Sweden,
Norway and Denmark to calibrate this forecast. Therefore, we need to dji the available data from these four
Nordic countries into cross-validation series (cv-series) that stle along the observation period in one-year
steps. Each of these cv-series is cut into a training period (do#d line) and a testing period (solid line).
There are three di erent types of cv-series: The application data &t (green) holds a single series for the
Finnish forecast into the future, the calibration data set holds cvseries from Finland, Sweden and Norway
that are used to learn the distribution of forecast errors of the PPS moel (blue), and the validation data
set holds cv-series used to validate the forecast approach on (orange). Weave included data series from
the other Nordic countries besides Finland in the calibration and valication data sets to increase the amount
of data used for the calibration and avoid over tting during the validat ion analysis. The similarity of the
fertility regimes of the four Nordic countries justi es the use of these additional data series.

Figure 1.2: The next step after data splitting is the estimation of the time-varying distribution of forecast
errors. We apply the PPS model to the training periods of the caliration data series and \forecast" the
TFR for the duration of the testing period. By calculating the forecast errors we are able to derive a forecast
error distribution over the forecast years that include the errors ofall cv-series of the calibration data set.
We then estimate this empirical error distribution using a skew-normal model.

Figure 1.3: After applying the PPS model to the training periods of the validation data, we calibrate
the resulting forecasts using the empirical forecast error distibution estimated in step 2. This is done using
guantile-mapping of the forecast paths.

Figure 1.4: We compare the forecast performance of the PPS model before aradter this calibration
using several calibration scores. In addition, we compare the forecastgoformance to the nawe baseline



Figure 1: Graphical abstract of the main methodological steps of the analysis.

model.
Figure 1.5-6: We use the application data series and produce forecasts ofriRish TFR up to 2070 by
rst applying the PPS model to the training data of the application series (step 5) and then calibrating the



resulting forecast paths using the empirical error distribution (step 6).

In the remainder of this paper, we rst introduce the PPS model and describe the details of the method-
ological steps. After we present the results of Finland's probabilisic TFR forecasts, we validate our forecast
models and summarize the quality of the probabilistic forecasts wih several calibration metrics.

Figure 2: lllustration of the quantile-mapping calibration approach employed in this paper.

We source the time series of the fertility data from the Human Fertility Database (Human Fertility



Database (HFD). Max Planck Institute for Demographic Research (Germany)and Vienna Institute of De-
mography (Austria) 2025) for the years 1944 to 2023 for Finland and Sweden, years 1968 to 2028 Norway,
and years 1946 to 2023 for Denmark.

Figure 2 presents a owchart outlining the main steps of our approach forcalibrating the probabilistic
forecast paths using quantile-mapping. It also introduces the notaton used in the remainder of the Methods
section. For a detailed description of the methodological steps menbned in the owchart, see Sections 2.3
to 2.7.

2.1 Forecast Models

We use two di erent models to forecast fertility:

(a) Postponement Time Series Model (PPS):This scenario is based on the demographically meaningful
assumption that fertility postponement in the Finnish population (t he delay of childbirth to older
ages) will continue, but will slow down and eventually stop. Specically, we assume that the fertility
postponement comes to an halt in 2050 and the mean age at childbirth approaches 38yhich is
approximately the current highest value reported in the Human Fertility Database (32.9 years in the
Republic of Korea in 2020). This assumption is implemented in our forecasmodel by calculating
the tempo-adjusted TFR for 2023 and forcing the TFR and the tempo-adjustel TFR to converge by
2050. After the convergence is completed, the TFR stays xed until theend of the forecast period.
The convergence of TFR and tempo-adjusted TFR to account for biological and gcial limitations was
introduced in a model implemented in Nien et al. (2020). In Appendix B, we describe the PPS model
with its assumptions and parametrization in more detail. Using the PPS nodel, we rst forecast 5,000
simulated time series of age-speci c fertility rates (ASFRs, see Apendix B). Then, these ASFR forecast
paths are aggregated into forecast paths for the TFR as the sum of the forecast A9Rs multiplied with
the width of the age groups.

(b) Nawe freeze-rates model:In this model, the average ASFRs of the future are assumed to be at theelvel
of the ASFRs at the jump-o0 year (last observed year). The probabilistic forecast paths are sampled
from a random walk model with errors correlated across age (see Appendix E)ike in the PPS model,
the forecast ASFRs are then aggregated into the TFR. This model serves as nasve baseline model.

2.2 Split data

The time series of observed annual fertility valuesy; for each country is partitioned into three data sets:
calibration data Dy, validation data D, , and application data D,p, . See Figure 1.1 for a visual representa-
tion of the data splitting and the resulting data sets. The application data Dap, holds a single Finnish series
ymain Of 30 years. This data is used to forecast the Finnish fertility for 47 yars up to 2070. We useDy
to estimate the time-dependent distribution of the forecast errois aroundy; which later is used for the cali-
bration of the forecast paths. The calibration data from Finland and Swedeneach have two cross-validation
series with 30 years of training dataytain and 47 years of testing dataytest . Due to data constraints, we
split the Norwegian calibration data into 11 smaller cross-validation seres, each with 30 years of training
data and 15 years of testing data. The hold-out setD, is used to validate the properties of the di erent
forecast models. The validation data contains the latest observed dataesies from Finland, Sweden, Norway
and Denmark. We do not use data from Denmark for the calibration to increag the amount of left-out data
to validate on. The validation series of the other countries are partially overlapping with series from the
calibration data. Thus, excluding Denmark from the calibration data set reduces over- tting. See Appendix
A for the years covered by each of the data sets.

2.3 Generate uncalibrated TFR forecasts

Using the PPS model and the nawve model, we produce probabilisti forecast paths of TFR y}; over fore-
casting horizonh 2 1;2;:::;H and simulation drawsi 2 1;2;:::;N, whereN =5;000. The TFR forecasts
are produced for the testing periods of each cross-validation serigs Dcal, Dyai, and Dapp. These simulated
forecast paths are the source for our uncalibrated prediction intervals We de ne the point-forecast ¥y, as
the median of the forecast paths.



2.4 Calculate forecast errors

We calculate the forecast erroruy, for each point-forecast over the forecast horizon of the calibration data
set D¢y . To do so, we de ne a scoring function,

Un = S(Yh:¥n) = In( Yn=%n); (1)

measuring the deviance between the observed TFR valug,, and the point-forecasty},. The log-ratio scoring
function, being a measure of relative error, is suitable for positivevalues which vary in scale, like the TFR
(Alho et al. 2008). We pool the forecast errors from Finland, Sweden and Norwayo achieve more robust
estimates of the forecast error distribution by decreasing autocorration (Alho et al. 2008).

Figure 3: Forecast errors from the calibration data series with 95% quantiles of themodeled error distri-
bution (blue).

2.5 Model time-varying distribution of forecast errors

Due to data limitations in the training data resulting in fewer long- term forecasts, it is necessary to model the
distribution of the forecast errors rather than using the empirical distribution function. Figure 3, a scatter
plot of the calculated forecast errors with the modeled error distritution at the 0.025 and 0.975 quantiles,
illustrates the need for modeling.

Given the observed forecast errorsiy, we estimate the cumulative error distribution Fy, (u) = P( U,  u)
over the forecast horizon ofD¢y. We employ a Time-varying Skew-normal model (SN)for the distribution
of the error,

Un SkewNormal(; n; ): 2)

Using the AIC, we identi ed the Skew-Normal distribution as the most suitable error distribution among a
set of alternatives, see Table 5. The parameter captures any systematic bias in the forecasting procedure
such as the tendency to overpredict future TFR. We model the dspersion parameter via a monotonically
increasing P-spline over forecasting horizon: 1, = exp(g (h)). The monotonicity constraint ensures that the
variance of the forecast error increases with time. Finally, the skewess parameter captures any asymmetry
in the magnitude of over- and underprediction. The estimated distibution and quantile functions of forecast



errors, Fy, and Qu, , are analytically given by the Skew-Normal distribution. The distrib utional regression
on the errors is performed via tha GAMLSS R package (Stasinopoulos and Rigby 2008Angelopoulos et al.
(2024) propose a similar approach and call the model of the forecast error disbution a scorecaster.

2.6 Derive calibrated TFR forecast distribution

Given the estimated distribution of forecast errors Ifuh , we construct a calibrated TFR forecast distribution
If$ha'. Intuitively, if a given relative forecast error is exceeded 10% of tle time, then the 90% quantile
of the corresponding forecast distribution is equal to the central foecast times the 90% quantile of the
relative forecast error, likewise for other p-quantiles of the error dstribution. Formally, the p-quantile of the
calibrated forecast distribution ﬁ&f‘ is derived from the corresponding quantile of the error distribution Ifuh
via

QE (M =S *(Qu, (P gh); @3)
where S (un;¥n) = Yn exp(un) is the inverse of the log ratio scoring-function.

2.7 Map forecast paths to calibrated TFR distribution

We calibrate the forecasted TFR pathsyh; such that their distribution at forecasting step h re ects the
modeled historical distribution of forecast errors. In order to calibrate the forecast paths to the calibrated
TFR distribution we map the p-quantile of any single forecast path at time h to the corresponding p-quantile
of the calibrated TFR distribution. We sort the 5,000 forecasts at time h in increasing order, thus, the forecast
with rank 1,000 will be mapped to the 20% quantile of the calibrated distribution, rank 2,500 will be mapped
to the median, rank 4,000 will be mapped to the 80% quantile etc. For a visal representation of the forecast
paths before and after the quantile-mapping, see Figure 8.

Formally, we calibrate the forecast fertility paths such that the marginal distribution of the calibrated
paths is equal to the calibrated TFR distribution IfYCha'. This calibration is achieved by deriving calibrated
paths as

9 = QR RS O ); @

where F$h°d' is the empirical cumulative distribution function over the non-calibrated forecast paths andQSf:'
is the quantile function of the calibrated TFR forecast distribution at h. To prevent the calibrated paths
from taking in nite values, we adjust the empirical cumulative dis tribution function for the maximum values
of the forecast paths (see Appendix D), so that calibrated paths remain nite.

2.8 \Validate prediction intervals

The validation of the forecast paths is done on the validation data setD.y over the years of the testing
data. Five metrics are evaluated and compared for the PPS forecast paths #t have been calibrated on the
empirical error distribution (PPS cal.), the un-calibrated forecast paths from the PPS model (PPS non-cal.)
and the paths from the nave model. We evaluate the forecast metricoover the full range of the forecast
years (47 years) and over sub-sections of the forecast years (1 to 5, 6 to 15 to 25, and 26 to 47 years). In

1. Coverage: We compare the nominal 95% coverage with the actual coverage of the correspand
quantiles of the forecast paths, i.e. the prediction intervals. Theactual coverage is the fraction of
observed TFR values that are inside the bounds of the declared inteml. We calculate the coverage
over the observations in the validation series as

Py

oo If iU
Cov= 1% 'ky' Jg; (5)

wherel; and u; are the 2.5% and 97.5% quantiles of the forecast distribution at observation.



2. Mean Interval Width: We de ne the mean interval width as the mean di erence between the97.5%
and 2.5% quantiles of the forecast distribution over the validation data:

X
W:E Uj |j: (6)
i=1

3. Mean Interval Score (MIS): The interval score takes both the coverage and the width of the predidbn
intervals into account. Given the same actual coverage, a predictionriterval that is on average wider
is penalized by the interval score (Gneiting and Raftery 2007). The inerval score is de ned as follows:

(b )+ 20 ) for vy <l

1S |.;UA; ) = | J ] ] ] ] 7

PUEWY= gl e 2 ) for y s @
wherel; and u; are the ; and 1 5 quantiles at validation point j, and g(lj y;) and ;(yj u;) are
the penalty terms for observations that fall below or above the bounds, espectively. The penalty is
proportional to the 1 level, set by us at 95%. We average the interval score across all observat®n
over the forecast horizon to be able to compare the di erent forecast mdels (Bracher et al. 2021),
resulting in the Mean Interval Score (MIS):

P k
— _ =t IS5 |

Ml
S k

®)

4. Further, we use the Continuous Ranked Probability Score(CRPS), as implemented in Jordan et al.
(2019), to evaluate the t of the entire distribution of the simulated for ecast paths over the forecast
lengths. Given that the N = 5;000 draws from the forecast distribution at validation point j are sorted
in increasing order such thaty} ;) denotes theith lowest path, the CRPS is calculated as

2 X N
CRPS = 57 iy YIINIY <9 i+ 2): 9)
i=1

We then average over all validation pointsj,

P
| CRPS

RPS =
CRPS .

(10

5. Finally, we calculate the Mean Absolute Percentage Error (MAPE) as a validation measure of the
point-forecasts via

}XKYJ'VJ

MAPE = X _
=1 Yl

100 (11)

3 Results

In the following, rst, we present the forecast results of the PPS ard the nasve model, followed by the
calibration of the PPS forecasts with the empirical error distribution. Second, we present the results from
the validation analysis.

3.1 Forecast Results

Figure 4 contrasts the calibrated and non-calibrated forecast paths of thePPS model. Panel A shows
the TFR paths from the PPS model without calibration on the historical error distribution. Due to the
assumption of the PPS model that the fertility postponement will continue but slow down and eventually
stop, the median of the forecast paths rises in the rst 15 forecast yearsnd then levels o to reach a TFR
of 1.41 in 2070. The 95% prediction interval starts narrow around the rst forecast and increases with



increasing forecast length, ranging from 0.73 to 2.69. Panel B shows the TFRrajectories derived from
the PPS model calibrated on the historical forecast error distribution. In contrast to the non-calibrated
forecasts, the 95% prediction interval is notably narrower, ranging from1.02 to 1.62. Further, the median
forecast is lower at a TFR of 1.35 in 2070. The changed shape and median of this faest distribution is
the result of calibrating the forecast paths to represent the histoical forecast error distribution that starts
wider, widens more slowly, and is skewed towards overestimationWe illustrated the di erent distributions
of the forecast paths by adding the density plots for the years 2024 and 2070 (igrey colour). Overall, the
calibrated PPS forecast predicts that Finland's TFR is likely to be higher in 2070 than last observed. The
probability that the TFR will fall below the level of 2023 (1.26) is 29%.

Figure 4: Observed TFR of Finland and 250 forecast paths from the PPS model (A) and akr calibration
on the historical error distribution (B), with median and 95% quantiles, and density in 2024 and 2070.

3.2 Forecast Validation

The validation analysis shows a higher performance of the calibrated forast paths for the validation data,
compared to the non-calibrated PPS and nawe forecasts. Table 1 summazes di erent forecast metrics for
the full forecast horizon and shorter forecast periods.

The calibrated PPS forecasts have the smallest CRPS for each forecasbfizon except the period 16-25
years. In terms of MIS, the calibrated PPS forecasts consistently oyierform the other models. Over the full
forecasting period, the calibrated PPS model achieves similar carage as the non-calibrated and the naive
model, but with substantially narrower interval width. However, the coverage varies with forecasting period.
Over the rst ve forecast years, although the average width of the prediction intervals across models is
similar, the coverage of the calibrated PPS paths is substantially beter than that of the naive model and
the non-calibrated PPS model. At 6 to 15 years into the forecast, all thee models su er from under-coverage.
In contrast, at forecast interval 16 to 25, all three models exhibit ovely conservative prediction intervals.
Those overly wide prediction intervals persist into the furthest forecast period for the non-calibrated PPS
model and the naive model. The calibrated PPS model, however, achves a perfect 95% coverage at 26 to
47 forecast years. While the calibrated PPS paths are the best distribtional forecast, MAPE identi es the
naive model as the best point-forecast.



Figure 5: Observed TFR of Finland and 250 forecast paths from the nasve model, wth median and 95%
quantiles, and density in 2024 and 2070.

Table 1: Evaluation of model calibration.

Forecast Period Model Cov. W MIS CRPS MAPE

full PPS (cal.) 90% 0.71 1.09 0.13 11.3%
PPS (non-cal.) 92% 1.34 1.73 0.17 13.7%
Nawe 92% 124 159 0.13 10.1%

1-5 Years PPS (cal.) 80% 0.45 0.86 0.11 9.9%
PPS (non-cal.) 67% 0.44 1.28 0.11 9.1%
Nawe 67% 044 1.36 0.12 9.4%

6-15 Years PPS (cal.) 73% 0.60 2.06 0.16 13.8%
PPS (non-cal.) 77% 0.86 2.26 0.17 14.6%
Nawe 77% 0.85 2.02 0.16 13.7%

16-25 Years PPS (cal.) 100% 0.75 0.75 0.12 10.6%
PPS (non-cal.) 100% 1.30 1.30 0.16 12.9%
Nawe 100% 1.19 1.19 0.11 9.15%

26-47 Years PPS (cal.) 95% 0.80 0.78 0.13  10.9%
PPS (non-cal.) 100% 1.78 1.78 0.18 14.6%
Nawve 100% 162 1.62 0.13 9.03%

Note: Evaluation for the full forecast length of 47 years and di erent forecas
lengths using the Coverage (Cov.), the Mean Interval Score (MIS) andthe av-
erage width (W) of the prediction intervals for a nominal coverage of 95%, tle
Continuous Ranked Probability Score (CRPS) of the full forecast distibution,
and the Mean Absolute Percentage Error (MAPE) of the median forecasts.
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4 Discussion

Fertility rates are prone to sudden shifts in trend. This makes them harder to forecast than, e.g., death rates.
We do address this issue by only asking a modest question: What forasting errors are to be expected under
the continuation of the Nordic fertility regime which was prevalent th e last 30 years? We introduced a novel
approach to calibrating probabilistic forecasts by combining a scorecdsr to estimate an empirical forecast
error distribution and the quantile-mapping of simulated forecast paths. By incorporating empirical forecast
errors into the forecast uncertainty, we provide a data-driven esimate of the forecast uncertainty. Using a
model of the empirical forecast error distribution allows for greater gaeralizability through smoothing and
interpolation. The chosen skew-normal model does so using only fourgpameters. Moreover, the calibration
of forecast paths with quantile-mapping, rather than providing uncertainty intervals, o ers more exibility
for downstream modeling. Our results demonstrated strong performace in the validation analyses. These
ndings re ect the strength and versatility of the techniques and t heir combined use.

We presented probabilistic forecasts of the Finnish Total Fertility Rate (TFR) from 2024 to 2070. We
use two dierent models to forecast the TFR of Finland. The rst mo del is a scenario-based approach
that assumes that the fertility postponement, i.e. the delay of chidbearing to older ages, that started in
Finland in the 1970s, will slow down and eventually stop. The second scario-based model serves as a nawve
baseline and assumes that the most recently observed age-speci c fility rates will remain constant. We
then calibrate 5,000 paths of future TFR values so that their distribution matches the distribution of the
modeled historical out-of-sample errors. These TFR paths can be eagilintegrated into further analyses,
such as population projection models or economic and health planning mas.

The paths of the PPS model which have been calibrated on the historil error distribution predict the
Finnish TFR to increase until 2050 and then level o. The central forecast reaches a value of 1.35 in 2070
(95% PI [1.02, 1.62]). The validation analysis shows that the uncertainty aroum this calibrated forecast
is better calibrated in terms of the Mean Interval Score and the Contiruous Ranked Probability Score,
compared to the non-calibrated paths from the PPS model (median 1.41, 95% PJ0.73, 2.69] in 2070) and
the nawe baseline model (median 1.32, 95% PI [0.71, 2.44] in 2070).

Similar to our results, the latest edition of the UN World Population Pros pects (UNWPP 2024) projects
Finland's TFR to slightly increase in their median variant and to level o at 1.51 children by 2100, reaching
a value of 1.47 by 2070. The 95% prediction interval around this median ranges frorf.89 to 2.0 children
in 2070, which is wider than the 95% prediction intervals of our results. The UN produces probabilistic
projections with country-speci ¢ assumptions based on the countrys past experience (see United Nations,
Department of Economic and Social A airs, Population Division 2024, for detailed methodology).

Calibrating time series forecasts using historical data is data intesive. This need for long available
time series is the main limitation of the proposed methodology. In additon, the scenario nature of the PPS
model restricted the applicability of the model to periods whetre fertility change is strongly a ected by tempo
e ects and the main assumption of continuing but slowing down fertility postponement holds. Therefore, we
extended the training data set for Finland by including data from Sweden and Norway, which have similar
childbearing patterns in terms of timing and level of fertility. W e also allowed the cross-validation series
to overlap to increase the number of series. However, the overlajpmg of the cross-validation series carries
the risk of over- tting the model of the forecast error distributi on. To mitigate this, we included data from
Denmark that were only used in the validation analyses and not in the calilation of the forecasts.

Our approach of using the empirical forecast error distribution to calbrate future forecasts is considered
a split-conformal or inductive conformal prediction approach in the vastconformal prediction (CP) literature
(see Fontana et al. 2023, for a review of approaches). The main characteristaf this approach is to employ
a calibration data set so that a \general rule" can be derived from which the predictions are made. In our
case, this rule is the model of the empirical error distribution. In contrast, full-conformal prediction, also
called transductive conformal, does not employ a general rule and jumgp directly from the observation to
the prediction. However, this approach tends to be computationally ire cient and is not suitable for long
data series. As a response, split-conformal approaches have been deped (Papadopoulos et al. 2007). In
our case, in addition to higher computational e ciency, using the split-conformal approach allows for more
generalizability in the face of data scarcity.

Weighted-conformal prediction uses sample weights to treat more recg observations as more relevant
(Tibshirani et al. 2019; Barber et al. 2023). Further, Lei et al. (2018) propose an ex¢nsion to their split-
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conformal approach resulting in a locally-weighted conformal predicton to produce prediction bands with

locally varying width. Compared to the locally-weighted CP, we achieve a similar goal with our approach,

because the forecast paths' distribution gets wider with increasig forecast length and is not symmetrically
distributed around the central forecast. This is due to the use of tte model of the empirical forecast errors to
calibrate the forecast paths. The di erence is that our outcome is a calbrated set of forecast paths, whereas
Lei et al. (2018) produce prediction intervals.

Keilman and Pham (2004) introduce the use of published historical forecds from statistical agencies
and other o cial sources to calculate forecast errors and thus derive empical prediction intervals. In this
way, the uncertainty of expert forecasts in the past informs the unertainty of the forecasts today, regardless
of the methodology used to produce the historical forecasts. This typ of empirical prediction intervals can
be a valuable tool for scenario-based forecast models, where the lack offjgability to historical data limits
the data availability for the training data.

The underlying assumption that allows us to use empirical forecast eors to derive measures of forecast
uncertainty is that future forecast errors will resemble past errois. One might ask, however, why this should
be the case. Alho et al. (2008) argue that \[...] if one does not believe that tey will be, it is necessary to
provide arguments as to why the future is expected to be di erentfrom the past". This raises the question
of whether the PPS model is just as valid now as it would have been inte past. Current Finnish fertility
trends, prominently the postponement of fertility, have been ob®rved since the late 1960s. We believe that
applying our scenario-based PPS model to current and past periods ia valid choice. We see no reason
why the historic forecast errors of the PPS model should not be used ténform the uncertainty of the
current PPS forecasts. Demographers have for a long time been aware dfé distorting impact of changes in
fertility timing on period fertility (Hajnal 1947; Bongaarts and Feeney 1998). While not explicitly predicting
the end of fertility postponement, they illustrated how fertili ty rises due to the slowing down of fertility
postponement or catching up of postponed births. This has later been rferred to as \the third phase of
fertility recuperation" (Sobotka 2017). Further, Finnish research of the past expected that the observed
fertility postponement would not go on forever: \At present it seems reasonable to assume in long-range
studies that fertility will stabilize at the level prevailing at the end of the 1980s" (Auvinen 1989, p. 54).
This belief is also re ected in the \high"-scenario of the 1984 population projection of Statistics Finland
(Hamakinen and Honkanen 1984).

Although the validation analyses have shown that the forecasts calibratedon the empirical error data
perform better than the non-calibrated ones, the calibration scores arenot perfect. The main problem is
the under-coverage of the prediction intervals for forecasts up to 15&ars ahead due to overprediction of the
TFR. Although we have taken this forecast bias into account when modelig the forecast error distribution,
the problem persists to some extent as revealed in the validation. A pssible reason for these results is the
lack of data, which leads to less robust validation results, as we only ha four data series available for the
validation analysis.

The results of this study show how forecast error analysis and quantd-mapping serve to improve the
quality of probabilistic demographic forecasts. We would like to emphakze that this is a exible methodology
that can be applied to all kinds of demographic (or non-demographic) measure regardless of the type of
forecast model or outcome. In this study, we have applied it to a scesrio-based model for forecasting
Finland's Total Fertility Rate. However, any type of forecast model, such as extrapolation models, can be
calibrated using the presented methodology. The critical componenfor successful application is a long time
series of historical data to which the chosen forecast model can be appll. We encourage researchers to
use probabilistic forecast methods, to be transparent about their assmptions, and to calibrate and validate
their results using historical data. Time has shown that demographic érecasts made by researchers in the
past, to the best of their knowledge, have turned out to be wrong. We se no reason why current forecasts
should be any di erent. It is intuitive to us, therefore, to use t he knowledge of past forecast errors to our
advantage and let it inform our forecasts of today.
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Appendices

A Cross-validation series of split data sets

Table 2: Calibration data Dy

Training Period Testing Period
Country  Series Nr.  Start End Start End

Finland 1 1944 1973 1974 2020
2 1945 1974 1975 2021
Sweden 1 1944 1973 1974 2020
2 1945 1974 1975 2021
Norway 1 1968 1997 1998 2012
2 1969 1998 1999 2013
3 1970 1999 2000 2014
4 1971 2000 2001 2015
5 1972 2001 2002 2016
6 1973 2002 2003 2017
7 1974 2003 2004 2018
8 1975 2004 2005 2019
9 1976 2005 2006 2020
10 1977 2006 2007 2021
Table 3: Validation data Dy
Training Period Testing Period
Country Start End Start End
Finland 1946 1975 1976 2022
Sweden 1946 1975 1976 2022
Norway 1978 2007 2008 2022
Denmark 1946 1975 1976 2022

Table 4. Application data D ,pp

Country  Training Period Forecast Period
Start End Start End

Finland 1994 2023 2024 2070

B The Postponement Time Series Model

The Postponement Time Series Model (PPS) is a scenario-based formst model parameterized by expert
opinion. It was developed to produce probabilistic forecasts of the Finish Total Fertility Rate (TFR)
using age-speci c fertility rates (ASFRs) for 5-year age groups up to 2070. Tts scenario is based on the
demographically meaningful assumption that the Finnish fertility postponement will continue, but will slow
down and eventually stop. Due to biological factors, fertility postponement cannot continue forever, as the
ability to become pregnant declines with age, and does so especiallgst for women in their mid to late 30s
(Rothman et al. 2013). According to Goldstein (2006), the mean age at rst birth could plausibly rise to
around 33 years before reaching biological and social limits. Further, &otka (2017) suggested that fertility
postponement would continue only for another two to three decades. Baskon these upper limits, we make
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the following assumptions about fertility postponement in our modet First, the forecast TFR converges
with a target TFR by a pre-de ned target year. Second, the mean age at chilbirth (MAB) approaches a
target MAB by the same target year.

The target TFR is de ned as the tempo-adjusted TFR of the jump-o year ( last observed year before
the forecast starts). To determine the target value for the MAB we assune that the historically observed
mean annual increase of the Finnish MAB (0.1 years per year) decreases gizally until it stops by the time
the target year is reached. For the Finnish application of the PPS modelthe target year is de ned as 2050
(the 28th forecast year), the target MAB is 32.88 and the target TFR is 1.34.

After de ning the target values for TFR and MAB, we employ an optimization procedure to nd a
set of target ASFRs that match these target summary statistics under theconstraint that the bell-shaped
age-pro le of fertility should be preserved.

To produce the central forecast of ASFRs, the time series from the jmp-o ASFRs towards the target
ASFRs is modeled using a logistic curve with a growth rate of 0.3 and thesteepest growth at the mid-point
between the jump-o year and the target year. This ensures a smooth tansition from the jump-o year
to the target year. After the target year is reached, the ASFRs remain xed until the end of the forecast
period, resulting in a total forecast length of 47 years.

After constructing the central forecast, we use an age-correlated randorwalk with drift model (RWD)
to produce probabilistic forecasts. We simulate individual forecas paths based on the covariance of the
ASFRs of the 30 years prior to the forecast period. Using the PPS modelye rst forecast 5,000 individually
simulated time series of age-speci c fertility rates (ASFRs). Finally, the ASFR forecast paths are transformed
into forecast paths for the TFR, which is de ned as the sum over ASFRsmultiplied with the width of the
age groups: TFR =5 22,0 9ut.

C Selection of scorecaster model

We tested four di erent speci cations for modeling the time-vary ing distribution of the PPS forecast error
(scorecaster model): 1. A Normal distribution with xed mean and time-varying dispersion (PPS-Normal);
2. a Student's t distribution with xed mean, xed tail parameter, an d time-varying dispersion (PPS-
Student-t); 3. a Skew-Normal distribution with xed mean, xed ske wness, and time-varying dispersion
(PPS-Skew-Normal); 4. a Skew-Student's t / Azzalini distribution with xed mean, xed tail parameter,
xed skewness and time-varying dispersion (PPS-Skew-Studert). We speci ed the time-varying dispersion
as a P-spline monotonically increasing over the forecasting horizon.

Table 5 shows the e ective degrees of freedom, the log-likelihoodhe deviance and the AIC over the
calibration set of forecast errors for all four scorecaster models.

Table 5: Model t statistics of four alternative speci cations for the time-v arying distribution of forecast
errors

DF LL Dev AIC

PPS-Normal 3.3 6553 -1310.5 -1303.9
PPS-Student-t 4.4 6717 -1343.3 -1334.4
PPS-Skew-Normal 44 687.1 -1374.1 -1365.3
PPS-Skew-Student-t 5.4 687.1 -1374.1 -1363.3
Note: Statistics derived from the calibration data. All
four models were speci ed with a constant mean, a time-
varying dispersion implemented via monotonic P-splines,
and xed skewness (Skew) and df (Student-t) parame-
ters.

D Adjustment of the empirical cumulative distribution function

To prevent the calibrated paths from taking in nite values, we adjust the empirical cumulative distribution
function th“” for the maximum values of the forecast paths,yfimax . Instead of th“” ($h:max )) = 1, which
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results in Q8 (F§* (hmax )) = 1 , we setF§™ (ynmax )) =1 0:5%. This adjustment places the empirical
cumulative distribution function's value halfway between 1 and the value for the second-highesy‘h’ﬁ', ensuring
that the calibrated paths remain nite.

E ASFR forecasts

Figure 6 and 7 show an intermediate outcome of the PPS and the nawve maal in form of the forecast paths

of the age-speci c fertility rates (ASFR) of Finland together with the observed ASFR, by 5-year age groups.
The observed ASFR values, represented by black dots, cover the ped from 1944 to 2023, followed by 250
of the 5,000 forecast paths up to the year 2070. As described in Section 2, the ABFpaths are then used to
calculate the forecast TFR paths, shown in Figure 5 for the nawve moel, and in Figure 4 (panel a) for the

PPS model.

Figure 6: Observed ASFR of Finland and 250 forecast paths from the PPS model by 5-yeage groups for
2024 through 2070.
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Figure 7: Observed ASFR of Finland and 250 forecast paths from the nawve model by ¥ear age groups
for 2024 through 2070.

F Quantile-mapping

Figure 8 depicts 500 forecast paths from the PPS model (applied to thealidation data series), before and
after quantile-mapping of the forecast paths to the calibrated TFR distribution. The same forecast path has
been highlighted in both panels to visualize how quantile-mapping tansforms an individual forecast path.
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Figure 8: Forecast paths from the PPS model (applied to the validation data seris), before and after
quantile-mapping.
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